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1. Introduction 

Usingtraditionalclassicalapproachesisnotalwayssuccessfulsincetherearemanykindsofuncerta

inties and ambiguity, either inherent in the data or caused by the mathematicaltechniques 

employed to solve the model's complex problems. Probability theory, fuzzy 

settheory[17],intuitionisticfuzzysettheory[3],vaguesettheory[9],roughsettheory[14],andinter

val of mathematics ([4], [10]) are some mathematical theories that can be used to 

dealwithuncertainty.Themethodsemployedtoquantifyobjectsinthesetheorieshavelimitations. 

To overcome this, in 1999, Molodtsov proposed [12], soft sets as a mathematical tool 

fordealingwithuncertaintiesassociatedwithrealworlddata-

basedproblems.Itofferssufficienttoolstohandledatauncertaintiesanddisplayitinausablemanne

r.Thistheoryhassuccessfullyaddressedtheissueofinadequateparameters. 

Alam and Imdad [2] introduced a version of the Banach contraction principle using 

arelation-theoretic approach. This formulation extends and generalizes several well-

knownfixedpointtheoremsbasedonordertheory. 

Ahmadullahetal.[1]hasexploredseveralconceptsofbinaryrelationfornon-linearcontractions. 

Molodtsovetal.[13]hasdevelopedapplicationsofsoftsetandsofttheoryinvariousfields,suchass

moothnessoffunctions,gametheory,operationsresearchetc. 
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Majietal.[11]hasintroducedandexploredseveralfundamentalconceptsinsoftsettheory,providi

ngacomprehensiveunderstandingofitsprinciples. 

Cagman and Enginoglu [5] has conducted research on the products of soft sets and uni-

intdecisionfunctions. 

Sezgin and Atagun [15] has extended the theoretical aspects of operations on soft sets 

byexploringtheDeMorgan’slawsinsoftsettheorywithrespecttodifferentoperations. 

ShabirandNaz[16]pioneeredtheinvestigationofsofttopologicalspacesandshowedthatasofttop

ologicalspacecorrespondstoaparameterizedfamilyoftopologicalspaces. 

Das and Samanta [6-7] introduced the notion of soft real sets and soft real numbers 

andstudied various properties of soft real sets and numbers. After that, they introduced a 

notionofasoftmetricspacewhichisdefinedoveraninitialuniversewithfixedsetofparameters. 

Inthispaper,thecontractionconditioninsoftmetricspacesiscomparativelyweakerthantheusualc

ontractionbyintroducingbinaryrelationinsoftmetricspaces,asitisrequiredtoholdonlyon 

thoseelements 

whicharerelatedundertheunderlyingrelation,ratherthanapplyingtotheentirespace. 

“Definition1.1.[12]Let𝐻beaninitialuniversesetand𝐾beanon-emptysetofparameters.Let 𝑃(𝐻) 

denotes the power set of 𝐻. A pair (𝐹, 𝐾) is called a soft set over 𝐻, where 

𝐹ismappinggivenby𝐹∶𝐾→𝑃(𝐻). 

Inotherwords,softsetover𝐻isaparameterizedfamilyofsubsetsofuniverse𝐻.For 

𝑎C𝐾,𝐹(𝑎)maybeconsideredasthesetof𝑎-approximateelementsofthesoftset(𝐹,𝐾),orasthesetof𝑎-

approximateelementsofthesoftset.” 

“Definition1.2.[11]Asoftset(𝐹,𝐾)over𝐻issaidtobeanullsoftsetdenotedbyΦifforall𝑎∈𝐾,𝐹(𝑎)=Φ

.” 

“Definition1.3.[11]Asoftset(𝐹,𝐾)over𝐻issaidtobeanabsolutesoftsetdenotedby�̃� 

ifforall ∈𝐾,𝐹(𝑎)=𝐻.” 

“Definition 1.4. [8] Let (𝐹, 𝐴) and (𝐺, 𝐵) be two soft sets over 𝐻. We say that (𝐹, 𝐴) is a 

softsubsetof(𝐺,𝐵)anddenoteitby(𝐹,𝐴)⊂̃(𝐺,𝐵)if 

(i)𝐴⊂𝐵,and 

(ii) 𝐹(𝑎)⊆𝐺(𝑎),forall𝑎∈𝐴. 

(𝐹, 𝐴) is said to be a soft super set of (𝐺, 𝐵),if (𝐺, 𝐵)is a soft subsetof (𝐹, 𝐴).We denote 

itby(𝐹,𝐴)⊃̃(𝐺,𝐵).” 
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“Definition1.5.[6]Let𝐻beanon-emptysetand𝐾beanon-

emptysetofparameters.Thenafunction𝗌∶𝐾→𝐻issaidtobeasoftelementof𝐻.Asoftelement𝗌of𝐻i

ssaidtobelongtoasoftset𝐹of𝐻,denotedby𝗌⏞∈𝐹,if𝗌(e)∈𝐹(e),foralle∈𝐾. 

Inthatcase𝗌isalsosaidtobeasoftelementofthesoftset𝐹.Thus,forasoftset𝐹of𝐻withrespecttothein

dexset𝐾,wehave𝐹(e)={𝗌(e),𝗌⏞∈𝐹},e∈𝐾. 

Itistobenotedthateverysingletonsoftset(asoftset(𝐹,𝐾)forwhich𝐹(e)isasingletonset,foralle∈𝐾)ca

nbeidentifiedwithasoftelementbysimplyidentifyingthesingletonsetwithelementthatcontainsf

oralle∈𝐾.” 

“Definition1.6.[6]Letℝbethesetofrealnumbers,&(ℝ)bethecollectionofallnon-emptybounded 

subsets of ℝand 𝐾be taken as set of parameters. Then a mapping 𝐹 ∶  𝐾  → &(ℝ)is called a 

soft real set. It is denoted by (𝐹, 𝐾). If (𝐹, 𝐾) is a singleton soft set, then it will becalled a soft 

real number and denoted by 𝑟̃, 𝑠̃, 𝑡̃ etc. Here 𝑟̃, 𝑠̃, 𝑡̃ will denote a particular 

typeofsoftrealnumberssuchthat�̃�(𝑎)=𝑟,forall𝑎∈𝐾.0̃and1̃arethesoftrealnumbers 

where0̃(𝑎)=0,1̃(𝑎)=1forall𝑎∈𝐾,respectively.” 

“Definition1.7.[6]Let�̃�,�̃�betwosoftrealnumbers,thenthefollowingstatementshold 

(i)�̃�≤̃�̃�,if�̃�(𝑎)≤�̃�(𝑎),forall𝑎∈𝐾, 

(ii)�̃�≥̃�̃�,if�̃�(𝑎)≥�̃�(𝑎),forall𝑎∈𝐾, 

(iii)�̃�<̃�̃�,if�̃�(𝑎)<�̃�(𝑎),forall𝑎∈𝐾, 

(iv)�̃�>̃�̃�,if�̃�(𝑎)>�̃�(𝑎),forall𝑎∈𝐾.” 

“NoteLet𝐻beanon-emptysetand𝐾bethenon-emptysetofparameters.Let�̃� 

betheabsolutesoftseti.e.,𝐹(𝜆)=𝐻,forallλ∈𝐾,where(𝐹,𝐾)=�̃�. 

Let𝑆𝐸(�̃�)bethecollectionofallsoftelementsof�̃�andℝ(E)∗denotethesetofallnon- 

negativesoftrealnumbers.” 

“Definition1.8.[7]Amapping℮∶𝑆𝐸(�̃�)×𝑆𝐸(�̃�)→ℝ(E)∗,issaidtobeasoftmetricon 

softset�̃�if℮satisfiesthefollowingconditions 

(i)℮(𝑢,�̃�)≥̃0̅,forall𝑢,�̃�⏞∈�̃�. 

(ii)℮(𝑢,�̃�)=0̅ifandonlyif�̃�=�̃�. 

(iii)℮(�̃�,�̃�)=℮(�̃�,𝑢),forall�̃�,�̃�⏞∈�̃�. 

(iv)℮(�̃�,�̃�)≤̃℮(�̃�,𝜇)+℮(𝜇,�̃�),forall𝑢,�̃�,𝜇⏞∈�̃�. 

Thesoftset�̃�withasoftmetric℮on�̃�issaidtobeasoftmetricspaceandisdenotedbe 

(�̃�,℮,𝐾)or(�̃�,℮).” 
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“Definition1.9.Let(𝐹,𝐾)beasoftsetover𝐻.Asoftsequencein(𝐹,𝐾)isafunctionƒ∶ℕ→(𝐹,𝐾)bysetting

ƒ(5)=(�̃�𝑦,𝐾)suchthat(�̃�𝑦,𝐾)isasubsetof(𝐹,𝐾)for5∈ℕ,and wedenoteitby{(�̃�𝑦,𝐾)}.” 

“Definition1.10.Let{�̃�𝑦}beasequenceofsoftelementsinasoftmetricspace(�̃�,℮).The 

sequence{�̃�𝑦}issaidtobeconvergentin(�̃�,℮)ifthereisasoftelement�̃�⏞∈�̃�suchthat 

℮(�̃�𝑦,�̃�)→0̅as5→∞. 

Thismeansforevery𝗌̃>̃0̅,chosenarbitrarily,thereexistsanaturalnumber𝑁=𝑁(𝗌̃), suchthat 

0̅≤̃℮(𝑢𝑦,𝑢)≤̃𝗌̃,whenever5>𝑁. 

Wedenotethisby�̃�𝑦→𝑢as5→∞orbylim 
𝑦→∞ 

�̃�𝑦=𝑢.�̃�issaidtobethelimitofthe 

sequence�̃�𝑦as5→∞.” 

“Definition1.11.Asequence{�̃�𝑦}ofsoftelementsin(�̃�,℮)issaidtobeboundediftheset 

{℮(�̃�𝑚,�̃�𝑦):𝑚,5∈𝑁}ofsoftrealnumbersisbounded,i.e.,thereexists�̅�>̃0̅suchthat 

℮(�̃�𝑚,�̃�𝑦)≤̃�̅�,forall𝑚,5∈𝑁.” 

“Definition1.12.Asequence{�̃�𝑦}ofsoftelementsin(�̃�,℮)issaidtobeCauchysequence 

in�̃�ifcorrespondingtoevery𝗌̃>̃0̅,thereexists𝑚∈𝑁suchthat℮(�̃�𝑟,�̃�j)≤̃𝗌̃,∀𝑟,j≥ 

𝑚i.e.,℮(𝑢𝑟,�̃�j)→0̅as𝑟,j→∞.” 

“Definition1.13.Asoftmetricspace(�̃�,℮)issaidtobecompleteifeveryCauchysequence 

in�̃�convergestosomesoftelementof�̃�.Thesoftmetricspace(�̃�,℮)iscalledincomplete 

ifitisnotcomplete.” 

“Definition1.14.Let(�̃�,℮)beasoftmetricspace.Wecanconsider�̃�asthecollectionof 

allsoftelementsof�̃�withrespecttoanon-emptysetofparameters𝐾.Letƒ∶(�̃�,℮)→ 

(�̃�,℮)beamapping.Ifthereexistsasoftelement�̃�0∈̃�̃�suchthatƒ(�̃�0)=�̃�0,then�̃�0is 

calledafixedelementofƒ.” 

“Definition1.15.[11]Let(𝐹, 𝐴)and(𝐺, 𝐵)be 

twosoftsetsover𝐻,thentheCartesianproductof(𝐹,𝐴)and(𝐺,𝐵)isdefinedas(𝐹,𝐴)×(𝐺,𝐵)=(𝑆,𝐴×𝐵),

where𝑆∶ 

𝐴×𝐵→𝑃(𝐻×𝐻)and𝑆(𝑎,𝑏)=𝐹(𝑎)×𝐺(𝑏)forall(𝑎,𝑏)∈𝐴×𝐵.” 

“Definition1.16.Let(𝐹,𝐴)and(𝐺,𝐵)betwosoftsetsover𝐻,thenarelationfrom(𝐹,𝐴)to 

(𝐺,𝐵)isasoftsubsetof(𝐹,𝐴)×(𝐺,𝐵).” 
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“Definition1.17.Let(�̃�,℮)beasoftmetricspace.Wecanconsider�̃�asthecollectionof 

allsoftelementsof�̃�withrespecttoaparameterset𝐾.Amapping𝑃∶(�̃�,℮)→(�̃�,℮)is 

saidtobeacontractionmappingin(�̃�,℮)ifthereispositivesoftrealnumberð̃with 

0̅<̃ð̃<̃1̅,suchthat℮(𝑃(𝑢),𝑃(�̃�))<̃ð̃℮(𝑢,�̃�),forall𝑢,�̃�⏞∈�̃�.” 

“Definition1.18.Let(�̃�,℮)beasoftmetricspaceand𝑃∶(�̃�,℮)→(�̃�,℮)amapping.For 

every𝑢0∈𝑆𝐸(�̃�),wecanconstructthesequence�̃�𝑦ofsoftelementbychoosing𝑢0and continuingby 

𝑢1=𝑃(�̃�0),�̃�2=𝑃(�̃�1)=𝑃2(𝑢0),…..,�̃�𝑦=P(�̃�𝑦−1)=𝑃𝑦(�̃�0). 

Wesaythatthesequenceisconstructedbyiterationmethod.” 

2. MainResults 

In this section, we shall prove some results in soft metric space by using binary 

relation.Definition2.1.Let𝐻beanon-emptyabsolutesoftset.Asubset𝑍of�̃�2iscalledabinary 

relationon�̃�. 

Foreachpair�̃�,�̃�∈�̃�,eitheroneofthefollowingconditionsaresatisfied 

(i) (�̃�,�̃�)∈𝑍;whichcanberestatedas“�̃�is𝑍-relatedto�̃�”or“�̃�relatesto�̃�under 

𝑍”.Sometimes,wewrite�̃�𝑍�̃�insteadof(�̃�,�̃�)∈𝑍. 

(ii) (�̃�,�̃�)∉𝑍;whichmeansthat“�̃�isnot𝑍-relatedto�̃�”or“𝑢doesnotrelateto�̃� under𝑍”. 

Since�̃�2andΦaresubsetsof�̃�2.Therefore,�̃�2andΦarealwaysbinaryrelationson�̃�, 

whicharerespectivelycalledtheuniversalrelationandvoidrelation. 

Inthispaper,𝑍denotesnon-

emptybinaryrelation,butforthesakeofconvenience,weuseonly“binaryrelation”insteadof“non-

emptybinaryrelation”. 

Definition2.2.Letabinaryrelation𝑍definedonanon-emptyabsolutesoftset�̃�and�̃�,�̃�∈ 

�̃�.Wesaythat�̃�and�̃�are𝑍-comparativeifeither(�̃�,�̃�)∈𝑍or(�̃�,𝑢)∈𝑍.Wedenoteitby 

[�̃�,�̃�]∈𝑍. 

Proposition2.3.Let(�̃�,℮)isasoftmetricspace,𝑃isaself-mappingon�̃�,binaryrelation 

𝑍definedon�̃�and0̅<̃ð̃<̃1̅,thenthefollowingcontractiveconditionsareequivalent: 

(i)℮(𝑃�̃�,𝑃�̃�)≤ð̃℮(�̃�,�̃�),forall𝑢,�̃�∈�̃�with(�̃�,�̃�)∈𝑍, 

(ii)℮(𝑃�̃�,𝑃�̃�)≤ð̃℮(�̃�,�̃�),forall𝑢,�̃�∈�̃�with[�̃�,�̃�]∈𝑍. 

ProofFirstassumethat(i)holds.Ta

ke�̃�,�̃�∈�̃�with[�̃�,�̃�]∈𝑍. 

If(�̃�,�̃�)∈𝑍,then(ii)directlyfollowsfrom(i). 
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Otherwise,if(�̃�,�̃�)∈𝑍,usingpropertyofsoftmetric℮and(i),weobtain 

℮(𝑃�̃�,𝑃�̃�)=℮(𝑃�̃�,𝑃�̃�)≤ð̃℮(�̃�,�̃�)=ð̃℮(�̃�,�̃�). 

Thisshowthat(i) ⇒(ii). 

Conversely,inequality(ii)triviallyimplies(i). 

Definition2.4.Let�̃�beanon-emptyabsolutesoftsetandbinaryrelation𝑍definedon�̃�. 

(i) Theinverserelationof𝑍,denotedby𝑍−1,isdefinedby 

𝑍−1={(𝑢,�̃�)∈�̃�2:(�̃�,�̃�)∈𝑍}. 

(ii) Let𝑍𝑠besymmetryclosureof𝑍andisdefinedtobetheset𝑍𝖴𝑍−1.Indeed,𝑍𝑠isthesmallestsy

mmetricrelationon�̃�containingon�̃�. 

Proposition2.5.Forabinaryrelation𝑍definedonanon-emptyset�̃�, 

(�̃�,�̃�)∈𝑍𝑠⇔[�̃�,�̃�]∈𝑍. 

ProofConsider(�̃�,�̃�)∈𝑍𝑠⇔[�̃�,�̃�]∈𝑍𝖴𝑍−1 

-(𝑢,�̃�)∈𝑍o𝑟(�̃�,�̃�)∈𝑍−1 

-(�̃�,�̃�)∈𝑍o𝑟(�̃�,�̃�)∈𝑍 

-[�̃�,�̃�]∈𝑍. 

Definition2.6.Let�̃�beanon-emptyabsolutesoftsetandbinaryrelation𝑍definedon�̃�.A 

sequence{𝑢𝑦}⊂�̃�iscalled𝑍-preservingif 

(𝑢𝑦,𝑢𝑦+1)∈𝑍,forall5∈ℕ0=ℕ𝖴{0}. 

Definition2.7.Let(�̃�,℮,𝐾)beacompletesoftmetricspace,𝑍abinaryrelationdefinedon 

�̃�iscalled℮-selfclosedifwhenever{𝑢𝑦}is𝑍-presevingsequenceand 

℮ 

𝑢𝑦→�̃�, 

thenthereexistsasubsequence{𝑢𝑦𝑙}of{�̃�𝑦}with[�̃�𝑦𝑙,𝑢]∈𝑍forall𝑙∈ℕ𝖴{0}. 

Definition2.8.Let�̃�beanon-emptysetand𝑃aself-mappingon�̃�.Abinaryrelation𝑍 

definedon�̃�iscalled𝑃-closedifforany�̃�,�̃�∈�̃�, 

(�̃�,�̃�)∈𝑍⇒(𝑃�̃�,𝑃�̃�)∈𝑍. 

Proposition2.9.Let�̃�beanon-emptyabsolutesoftsetand𝑃beaself-mappingon�̃�.A 

binaryrelation𝑍definedon�̃�is𝑃-closed,then𝑍𝑠=𝑍𝖴𝑍−1isalso𝑃-closed. 

Definition2.10.Let�̃�beanon-emptyabsolutesoftsetandbinaryrelation𝑍definedon�̃�. 

Asubset𝐾of�̃�iscalled𝑍-directedifforeach�̃�,�̃�∈𝐾,thereexists𝜇∈�̃�suchthat (�̃�,𝜇)∈𝑍and(�̃�,𝜇)∈𝑍. 
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Definition2.11.Let�̃�beanon-emptyabsolutesoftsetandbinaryrelation𝑍definedon�̃�. 

For�̃�,�̃�∈�̃�,apathoflength𝑙(where𝑙isanaturalnumber)in𝑍from�̃�to�̃�isafinite 

sequence{𝜇0,𝜇1,𝜇2,…,𝜇𝑙}⊂�̃�satisfyingthefollowingconditions 

(i)𝜇0=𝑢and𝜇𝑙=�̃�, 

(ii)(𝜇𝑟,𝜇𝑟+1)∈𝑍foreach𝑟(0≤𝑟≤𝑙−1). 

Inthispaper,weusethefollowingnotations 

(i)𝐹(𝑃)=thesetofallfixedpointof𝑃, 

(ii)�̃�(𝑃;𝑍)∶={�̃�∈𝐻:(�̃�,𝑃�̃�)∈𝑍}, 

(iii)Υ(�̃�,�̃�,𝑍)≔theclassofallpathsin𝑍from�̃�to�̃� 

Theorem2.12.Let(�̃�,℮,𝐾)beacompletesoftmetricspace,binaryrelation𝑍on�̃�and𝑃a self-

mappingon�̃�.Assumethatthefollowingconditionsaresatisfied 

(i) �̃�(𝑃;𝑍)isnon-empty, 

(ii) 𝑍is𝑃-closed, 

(iii) Either𝑃iscontinuousor𝑍is℮-selfclosed. 

(iv) There existsð˜∈[0,1)suchthat 

℮(𝑃�̃�,𝑃�̃�)≤ð̃℮(�̃�,�̃�),forall�̃�,�̃�⏞∈�̃�with(�̃�,�̃�)∈𝑍. 

Then𝑃hasafixedpoint. 

Moreover,if 

(v)Υ(�̃�,�̃�,𝑍𝑠)isnon-empty,foreach�̃�,�̃�∈⏞�̃�. 

Then𝑃hasauniquefixedpoint. 

ProofLet�̃�0beanarbitraryelementof�̃�(𝑃;𝑍). 

Let{�̃�𝑦}bedefinedbyrecursiverelation�̃�𝑦=𝑃𝑦(�̃�0),forall5≥0. 

As(𝑢0,𝑃�̃�0)∈𝑍,using(𝑃�̃�0,𝑃2𝑢0),(𝑃2𝑢0,𝑃3�̃�0),...,(𝑃𝑦�̃�0,𝑃𝑦+1�̃�0),…,∈𝑍, 

so that (�̃�𝑦,�̃�𝑦+1)∈𝑍, for all 5∈ℕ0. 

(2.1) 

Thus,thesequence{𝑢𝑦}is𝑍-preserving. 

Applyingthecontractivecondition(iv)to(2.1),wededucethat, 

℮(�̃�𝑦+1,�̃�𝑦+2)≤ð̃℮(�̃�𝑦,�̃�𝑦+1),forall5∈ℕ0. 

Byprincipleofmathematicalinduction,wehave 

℮(�̃�𝑦+1,�̃�𝑦+2)≤ð̃𝑦+1℮(�̃�0,𝑃�̃�0),forall5∈ℕ0. 

(2.2) 

Using(2.2)andtriangularinequality,forall5∈ℕ0, 𝑝∈ℕ,𝑝≥2, wehave 
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𝑙=1 

𝑟=0 

𝑟=0 

𝑟=0 

℮

℮(�̃�𝑦+1,�̃�𝑦+𝑝)≤℮(�̃�𝑦+1,𝑢𝑦+2)+℮(�̃�𝑦+2,�̃�𝑦+3)+⋯+℮(�̃�𝑦+𝑝−1,𝑢𝑦+𝑝) 

≤(ð̃𝑦+1+ð̃𝑦+2+ð̃𝑦+3+⋯+ð̃𝑦+𝑝−1)℮(�̃�0,𝑃�̃�0) 

 

 
thisimplies, 

=ð̃𝑦℮(�̃�0,�̃�0)∑𝑝−1ð̃𝑙 →0as5→∞, 

thesequence{𝑢𝑦}isCauchysequencein�̃�. 

As(�̃�,℮,𝐾)iscompletesoftmetricspace,thereexists�̃�∈�̃�suchthat˜ ˜. 
𝑢𝑦→𝑢 

Usingassumption(iii),wehave 
℮ 

�̃�𝑦+1=𝑃(�̃�𝑦)→𝑃(�̃�). 

Asaresultofuniquenessoflimit,weget𝑃(�̃�)=�̃�, 

thisimplies, 

�̃�isafixedpointof𝑃. 

Toproveuniqueness,take�̃�,�̃�∈𝐹(𝑃). 

i.e., 𝑃(�̃�)=�̃� and

 𝑃(�̃�)=�̃�.(2.3) 

Bycondition(v),thereexistsapath(𝑠𝑎𝑦{𝜇0,𝜇1,𝜇2,…,𝜇𝑙})ofsomefinitelength𝑙in𝑍𝑠 

from�̃�to�̃�sothat 

𝜇0=𝑢, 𝜇𝑙=�̃�,[𝜇𝑟,𝜇𝑟+1]∈𝑍 for each 𝑟(0≤𝑟≤𝑙−1). 

(2.4) 

As𝑍is𝑃-closed,byusingProposition2.9,wehave 

[𝑃𝑦𝜇𝑟,𝑃𝑦𝜇𝑟+1]∈𝑍 for each 𝑟(0≤𝑟≤𝑙−1)and for each 5∈ℕ0=ℕ𝖴{0}. 

(2.5) 

Using(2.3),(2.4),(2.5),propertyofsoftmetric,condition(iv)andProposition2.3,wehave 

𝑙−1 

℮(�̃�,�̃�)=℮(𝑃𝑦𝜇0,𝑃𝑦𝜇𝑙)≤∑℮(𝑃𝑦𝜇𝑟,𝑃𝑦𝜇𝑟+1) 

𝑟=0 

≤ð∑𝑙−1℮(𝑃𝑦−1𝜇𝑟,𝑃𝑦−1𝜇𝑟+1) 

≤ð2∑𝑙−1℮(𝑃𝑦−2𝜇𝑟,𝑃𝑦−2𝜇𝑟+1) 

≤ 

. 

. 

. 

≤ð𝑦∑𝑙−1℮(𝜇𝑟,𝜇𝑟+1) 

→0as5→∞, 
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sothat�̃�=�̃�. 

Thus,𝑃hasauniquefixedpoint. 

Corollary2.13.Theorem2.12remainstrueifwereplacecondition(v)byoneofthefollowingconditi

ons(assumingthattheremaininghypothesesholds) 

(i) 𝑍iscomplete, 

(ii) �̃�is𝑍𝑠-directed. 

ProofIf(i)holds,thenforeach𝑢,�̃�⏞∈�̃�,[�̃�,�̃�]∈𝑍,whichamountstosayingthat{�̃�,�̃�}is 

apathoflength1̅in𝑍𝑠from�̃�to�̃�sothatΥ(�̃�,�̃�,𝑍𝑠)isnon-empty. 

Hence,Theorem2.12givesrisetoconclusion. 

Otherwise,if(ii)holds,thenforeach𝑢,�̃�⏞∈�̃�,thereexists𝜇⏞∈�̃�suchthat[𝑢,�̃�]∈𝑍and 

[�̃�,�̃�]∈𝑍sothat{�̃�,�̃�,𝜇}isapathfrom�̃�to�̃�isoflength2̅in𝑍𝑠. 

Thus,Υ(�̃�,�̃�,𝑍𝑠)isnon-empty𝑢,�̃�⏞∈�̃�. 

Again,byTheorem2.12alsogiverisetoconclusion. 

Example2.14.Let�̃�=ℝand℮(�̃�,�̃�)=|�̃�−�̃�|,then(�̃�,℮)iscompletesoftmetric space. 

Considerabinaryrelation𝑍={(𝑢,�̃�)∈ℝ2∶�̃�−�̃�≥0̅,�̃�∈ℚ}on�̃�andamapping𝑃∶ 

�̃�→�̃�definedby 

𝑃(𝑢)=3+
1

�̃�. 
4 

Clearly,�̃�(𝑃;𝑍)isnon-empty,𝑍is𝑃−closedand𝑃iscontinuous. 

Now,for𝑢,�̃�∈𝑍,wehave 

℮(𝑃�̃�,𝑃�̃�)=|(3+ 
1 

4
𝑢)−(3+ 

1 

4
�̃�)| 

=
1
|𝑢−�̃�| 

4 

=
1
℮(�̃�,�̃�) 

4 

<
3
℮(�̃�,�̃�). 

5 

i.e.,𝑃satisfiesassumption(iv)ofTheorem2.12forð˜=
3
. 

5 

Hence,alltheassumptions(i)-

(iv)ofTheorem2.12areholds.Then,𝑃hasafixedpointin𝐻. 

Additionally,condition(v)ofTheorem2.12alsoholds.Therefore,𝑃has

auniquefixedpoint(𝑢=4). 
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Example2.15.Let�̃�=[0,2]andusualsoftmetric℮(�̃�,�̃�)=|�̃�−�̃�|,then(�̃�,℮)is 

completesoftmetricspace.Defineabinaryrelation𝑍={(0̃,0̃),(0̃,1̃),(1̃,0̃),(1̃,1̃),(0̃,2̃)} 

on�̃�andthemapping:�̃�→�̃�definedby 

0̃,iƒ0≤�̃�≤1 
𝑃(�̃�)={

1̃,iƒ1<�̃�≤2 

Clearly,�̃�(𝑃;𝑍)isnon-empty,𝑃isnotcontinuousand𝑍is𝑃−closed. 
℮ 

Takean𝑍-preservingsequence{�̃�𝑦}suchthat�̃�𝑦→𝑢, 

sothat(𝑢𝑦,𝑢𝑦+1)∈𝑍forall5∈ℕ0=ℕ𝖴{0}. 

Sincesequence{𝑢𝑦}is𝑍-preserving. 

Therefore,(�̃�𝑦,�̃�𝑦+1)∉{(0̃,2̃)}. 

Now(�̃�𝑦,�̃�𝑦+1)∈{(0̃,0̃),(0̃,1̃),(1̃,0̃),(1̃,1̃)},forall5∈ℕ0,whichgivesto{𝑢𝑦}⊂̃{0̃,1̃}. 

As{0̃,1̃}isclosed,wehave[�̃�𝑦,�̃�]∈𝑍. 

Therefore,𝑍is℮−self-closed. 

AllconditionsofTheorem2.12from(i)-

(iii)aresatisfied.Nowwecheck (iv)condition, 

℮(𝑃0̃,𝑃0̃)=℮(𝑃0̃,𝑃1̃)=℮(𝑃1̃,𝑃0̃)=℮(𝑃1̃,𝑃1̃)=℮(0̃,0̃)=0̃ 
 

Therefore,assumption(iv)issatisfiedbytakingð̃= ,forall𝑢,�̃�⏞∈�̃�with(𝑢,�̃�)∈𝑍. 
 

Thus,alltheassumptions(i)-

(iv)ofTheorem2.12aresatisfied.Therefore,𝑃hasafixedpointin�̃�(�̃�=0̃). 
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