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1. Introduction
Usingtraditionalclassicalapproachesisnotalwayssuccessfulsincetherearemanykindsofuncerta
inties and ambiguity, either inherent in the data or caused by the mathematicaltechniques
employed to solve the model's complex problems. Probability theory, fuzzy
settheory[ 17],intuitionisticfuzzysettheory[3],vaguesettheory[9],roughsettheory[ 14],andinter
val of mathematics ([4], [10]) are some mathematical theories that can be used to
dealwithuncertainty. Themethodsemployedtoquantifyobjectsinthesetheorieshavelimitations.
To overcome this, in 1999, Molodtsov proposed [12], soft sets as a mathematical tool
fordealingwithuncertaintiesassociatedwithrealworlddata-
basedproblems.Itofferssufficienttoolstohandledatauncertaintiesanddisplayitinausablemanne
r.Thistheoryhassuccessfullyaddressedtheissueofinadequateparameters.

Alam and Imdad [2] introduced a version of the Banach contraction principle using
arelation-theoretic approach. This formulation extends and generalizes several well-
knownfixedpointtheoremsbasedonordertheory.

Ahmadullahetal [ 1]hasexploredseveralconceptsofbinaryrelationfornon-linearcontractions.
Molodtsovetal. [ 13]hasdevelopedapplicationsofsoftsetandsofttheoryinvariousfields,suchass

moothnessoffunctions,gametheory,operationsresearchetc.
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Majietal.[11]hasintroducedandexploredseveralfundamentalconceptsinsoftsettheory,providi
ngacomprehensiveunderstandingofitsprinciples.
Cagman and Enginoglu [5] has conducted research on the products of soft sets and uni-
intdecisionfunctions.
Sezgin and Atagun [15] has extended the theoretical aspects of operations on soft sets
byexploringtheDeMorgan’slawsinsoftsettheorywithrespecttodifferentoperations.
ShabirandNaz[ 16]pioneeredtheinvestigationofsofttopologicalspacesandshowedthatasofttop
ologicalspacecorrespondstoaparameterizedfamilyoftopologicalspaces.
Das and Samanta [6-7] introduced the notion of soft real sets and soft real numbers
andstudied various properties of soft real sets and numbers. After that, they introduced a
notionofasoftmetricspacewhichisdefinedoveraninitialuniversewithfixedsetofparameters.
Inthispaper,thecontractionconditioninsoftmetricspacesiscomparativelyweakerthantheusualc
ontractionbyintroducingbinaryrelationinsoftmetricspaces,asitisrequiredtoholdonlyon
thoseelements
whicharerelatedundertheunderlyingrelation,ratherthanapplyingtotheentirespace.
“Definition1.1.[12]LetHbeaninitialuniversesetandKbeanon-emptysetofparameters.Let P(H)
denotes the power set of H. A pair (F, K) is called a soft set over H, where
FismappinggivenbyF:K—P(H).
Inotherwords,softsetoverHisaparameterizedfamilyofsubsetsofuniverseH.For
aCK,F (a)maybeconsideredasthesetofa-approximateelementsofthesoftset(F,K),orasthesetofa-
approximateelementsofthesoftset.”
“Definition1.2.[11] Asoftset(F,K)overHissaidtobeanullsoftsetdenotedby®ifforalla€K,F (a) =P
“Definition1.3.[11]Asoftset(F,K)overHissaidtobeanabsolutesoftsetdenotedby H
ifforall €K,F(a)=H.”
“Definition 1.4. [8] Let (F, A) and (G, B) be two soft sets over H. We say that (F, 4) is a
softsubsetof(G,B)anddenoteitby(F,A)Z(G,B)if

(i)AcB,and

(i) F(a)<SG(a),forallacA.
(F, A) is said to be a soft super set of (G, B),if (G, B)is a soft subsetof (F, A).We denote
itby(F,A)3(G,B).”
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“Definition1.5.[6] LetHbeanon-emptysetandKbeanon-

emptysetofparameters. Thenafunctions: K — HissaidtobeasoftelementofH.AsoftelementsofH1
ssaidtobelongtoasoftsetFofH denotedbys€F,ifs(e)EF (e),foralle€K.
InthatcasesisalsosaidtobeasoftelementofthesoftsetF. Thus,forasoftsetF ofH withrespecttothein
dexsetK ,wehaveF (e)={s(e),sEF},e€K.
Itistobenotedthateverysingletonsoftset(asoftset(F,K)forwhichF (e)isasingletonset,foralleEK)ca
nbeidentifiedwithasoftelementbysimplyidentifyingthesingletonsetwithelementthatcontainsf
oralle€K.”

“Definition1.6.[6] LetRbethesetofrealnumbers,& (R)bethecollectionofallnon-emptybounded

subsets of Rand Kbe taken as set of parameters. Then a mapping F : K — &(R)is called a
soft real set. It is denoted by (F, K). If (F, K) is a singleton soft set, then it will becalled a soft

real number and denoted by 7, §, t etc. Here 7, §, £ will denote a particular
typeofsoftrealnumberssuchthat? (a)=r,foralla€ K .0andTarethesoftrealnumbers
where0(a)=0,1(a)=1foralla€K ,respectively.”
“Definition1.7.]6] Let#, Sbetwosoftrealnumbers,thenthefollowingstatementshold

()7<3,iff (a)<3(a),forallaEK,

(ii)7=5,ifF (a) =3 (a),forallaEK,

(iil)7<5,ifF (a) <5 (a),foralla€K,

(iv)7>5,ifF (a)>3(a),foralla€K.”
“NoteLetHbeanon-emptysetand K bethenon-emptysetofparameters. LetH
betheabsolutesoftseti.e.,F (1) =H forall\€K ,where(F,K)=H.
LetSE (H)bethecollectionofallsoftelementsoffand R (E)*denotethesetofallnon-
negativesoftrealnumbers.”
“Definition1.8.[7]Amapping€:SE (H)xSE (H)—R(E)*,issaidtobeasoftmetricon
softsetHif€satisfiesthefollowingconditions

()e (i,@) =(forallil, ¥EH.

(ii)e (&,@)=andonlyifi=a.

(iii) e (i,@) =€ (&,) foral i, EH .

(iv)e (&L,@) e (i) +€ (@), foralli, @, ifEH.
ThesoftsetHwithasoftmetric€onHissaidtobeasoftmetricspaceandisdenotedbe

(HeK)or(H,e).”
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“Definition1.9.Let(F,K)beasoftsetoverH.Asoftsequencein(F,K)isafunctionf:N— (F,K)bysetting
§(5)=(1iy,K)suchthat(ily,K)isasubsetof (F,K)for5€N,and wedenoteitby{(i,,K)}.”
“Definition1.10.Let{il, }beasequenceofsoftelementsinasoftmetricspace(H,E).The
sequence{ily }issaidtobeconvergentin(H,E) ifthereisasoftelementil€ Hsuchthat
€ (ily, i) >Bs5—00.
Thismeansforevery$S(thosenarbitrarily,thereexistsanaturalnumberN=N (), suchthat
“&e (ily,i) <§,whenever5>N.

Wedenotethisbytil,—ilas5—ooorbylim i, =1l.wissaidtobethelimitofthe

y—00
sequenceil,as5—00.”

“Definition1.11.Asequence(ily }ofsoftelementsin(H,&)issaidtobeboundediftheset

{€ (im,liy) :m,5€ N Yofsoftrealnumbersisbounded,i.e., thereexists BEuchthat

€ (Tim, 1) <Morallm,5€N.”

“Definition1.12.Asequence{ii, }ofsoftelementsin(H,&)issaidtobeCauchysequence
inHifcorrespondingtoevery$>@hereexistsmeNsuchthat@ (il 5 ) <§,vr,j=>

mi.e.,€ ({1 ) >8sr,j—>00.”
“Definition1.13.Asoftmetricspace(H,€)issaidtobecompleteifeveryCauchysequence
inHconvergestosomesoftelementofH. Thesoftmetricspace(H,€)iscalledincomplete
ifitisnotcomplete.”

“Definition1.14.Let(H,©)beasoftmetricspace. WecanconsiderHasthecollectionof
allsoftelementsofHwithrespecttoanon-emptysetofparametersK . Letf: (H,&)—
(H,©)beamapping.Ifthereexistsasoftelementilo€ Hsuchthat £ (ilo) =io, theniiois
calledafixedelementoff.”

“Definition1.15.[11]Let(F, A)and(G, B)be
twosoftsetsoverH thentheCartesianproductof(F,A)and(G,B)isdefinedas(F,A) X (G,B)=(S,AXB),
whereS:

AXB—P(HxH)andS(a,b)=F (a)xG(b)forall(a,b)EAXB.”
“Definition1.16.Let(F,A)and(G,B)betwosoftsetsoverH thenarelationfrom(F,A)to
(G,B)isasoftsubsetof(F,A)x(G,B).”
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“Definition1.17.Let(H,€)beasoftmetricspace. WecanconsiderHasthecollectionof
allsoftelementsofHwithrespecttoaparametersetK . AmappingP: (H,€)—(H,&)is
saidtobeacontractionmappingin(H,&) ifthereispositivesoftrealnumberdwith
“&8<suchthate (P(@0),P(@)) D€ (i1,&) forallil,weH.”
“Definition1.18.Let(H,€)beasoftmetricspaceandP: (H,€)— (H,€)amapping.For
everyuo€SE (H),wecanconstructthesequencefiyofsoftelementbychoosinguoand continuingby
=P (flo),t2=P (1) =P2(ilp),.....,0ly=P(tly—1) =P (ilo).
Wesaythatthesequenceisconstructedbyiterationmethod.”

2. MainResults
In this section, we shall prove some results in soft metric space by using binary
relation. Definition2.1.LetHbeanon-emptyabsolutesoftset. AsubsetZofH 2iscalledabinary
relationonH .

Foreachpairil,@€ H ,eitheroneofthefollowingconditionsaresatisfied
(i) (fI,w)€Z;whichcanberestatedas‘“#iisZ-relatedtowor*“Urelatestocwunder
Z”.Sometimes,wewriteliZ winsteadof(il,w)EZ.

(i) (il,w)€Z;whichmeansthat“#lisnotZ -relatedto@”’or““fidoesnotrelateto@ underZ™.
SinceH ?anddaresubsetsofH 2. Therefore, H 2anddarealwaysbinaryrelationsonH,
whicharerespectivelycalledtheuniversalrelationandvoidrelation.
Inthispaper,Zdenotesnon-
emptybinaryrelation,butforthesakeofconvenience,weuseonly“binaryrelation”insteadof “non-
emptybinaryrelation”.
Definition2.2.LetabinaryrelationZdefinedonanon-emptyabsolutesoftset Handil, e
H Wesaythatiiand@areZ -comparativeifeither(il,&) € Zor (@,i) EZ.Wedenoteitby
[G,w]eZ.

Proposition2.3.Let(H,&)isasoftmetricspace, Pisaself-mappingonH binaryrelation
ZdefinedonHand@&3 <Ithenthefollowingcontractiveconditionsareequivalent:

()e(Pi,P@)<de(i,®),forallil, e Hwith(&i,@)EZ,

(iye (Pi,Pw)<de (il,&),forallil, € Hwith[i,&]EZ.
ProofFirstassumethat(i)holds.Ta
kefl,weHwith[T,@]E€Z.

If(#l,w)€Z then(ii)directlyfollowsfrom(i).
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Otherwise,if(@,) €Z usingpropertyofsoftmetric€and(i),weobtain
e(Pi,Pw)=€(P&,Pi)<de (@,i)=0e (i,a).
Thisshowthat(i) =(ii).
Conversely,inequality(ii)triviallyimplies(i).
Definition2.4.LetHbeanon-emptyabsolutesoftsetandbinaryrelationZdefinedonH.
(i) TheinverserelationofZ,denotedbyZ-1,isdefinedby
Z-1={(,@)eH*:(@,0)€EZ}.
(i1) LetZsbesymmetryclosureofZandisdefinedtobethesetZUZ-1.Indeed,Zsisthesmallestsy
mmetricrelationonHcontainingonH.
Proposition2.5.ForabinaryrelationZdefinedonanon-emptysetH,
(I,w)eZse|u,w]EZ.
ProofConsider(i,0)€EZs[i,w]|€ZUZ-1
— (,w)EZor(,w)EZ -1
— (,w)eZor(w,N)EZ
—[t,0]EZ.
Definition2.6.LetHbeanon-emptyabsolutesoftsetandbinaryrelationZdefinedonH.A
sequence{ﬁy}cﬁ iscalledZ-preservingif
(tly,lty+1)€Z,forall5eN,=NU{0}.
Definition2.7.Let(H,&,K)beacompletesoftmetricspace,Zabinaryrelationdefinedon

Hiscallede-selfclosedifwhenever{ily }isZ-presevingsequenceand

e
Uy,—1u,

thenthereexistsasubsequence{ily, }of{iLy }with|[ iy, ] €ZforallleENU{0}.
Definition2.8.LetHbeanon-emptysetand Paself-mappingonH.AbinaryrelationZ
definedonHiscalledP -closedifforanyil, @' €H,

(,w)eZ=(Pi,Pw)EZ.
Proposition2.9.LetHbeanon-emptyabsolutesoftsetand Pbeaself-mappingonH.A
binaryrelationZ definedonHisP-closed,thenZs=ZUZ-1isalsoP-closed.
Definition2.10.LetHbeanon-emptyabsolutesoftsetandbinaryrelationZdefinedonH.

AsubsetKofHiscalledZ-directedifforeachil,@€K thereexistsfi€ Hsuchthat (il,if)€Zand(@,f)EZ.
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Definition2.11.LetHbeanon-emptyabsolutesoftsetandbinaryrelationZdefinedonH.
Forii,@€ H apathoflengthl(wherelisanaturalnumber)inZ fromiito@isafinite
sequence{flo,i1,flz, ...,i; }© Hsatisfyingthefollowingconditions

(1) flo=tlandfl;=,

(1) (fir, fir+1) EZforeachr (0<r<I[-1).
Inthispaper,weusethefollowingnotations

(1)F (P)=thesetofallfixedpointofP,

(il)H (P;Z):={li€H:(&i,PR)EZ},

(11)Y (&1,@,Z):=theclassofallpathsinZ fromiitow
Theorem?2.12.Let(H,€,K)beacompletesoftmetricspace,binaryrelationZonHandPa self-
mappingonH . Assumethatthefollowingconditionsaresatisfied

(i) H(P;Z)isnon-empty,

(ii) ZisP-closed,

(iii) EitherPiscontinuousorZis€-selfclosed.

(iv) There existsd €[0,1)suchthat

e(Pii,Pw)<be (il,®),forallil,E Hwith(i,&) EZ.

ThenPhasafixedpoint.
Moreover,if
WY(W,0,Z s)isnon-empty,foreachil,&EH.
ThenPhasauniquefixedpoint.
ProofLetilobeanarbitraryelementofH (P;Z).
Let{iL, }bedefinedbyrecursiverelationii, =P (i), forall5=0.
As(ilp,Py) €Z using( Py, P21ly),(P21ly,P31y),...,(PY iy, Py *+1ily),....€Z,
so that (Uy,ly+1)€EZ, for all 5€No.
2.1
Thus,thesequence{i, }isZ-preserving.
Applyingthecontractivecondition(iv)to(2.1),wededucethat,

€ (Tl +1,1y+2) <O€ (ily, iy +1),forall5€No.
Byprincipleofmathematicalinduction,wehave

€ (fly-+1,lly+2) <8” 1€ (flo,Pilo) forall5€No.

(2.2)
Using(2.2)andtriangularinequality,forall5€N,, pEN,p>2, wehave
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€ (Uy+1,Uy+p) <€ (Uy+1,Uy+2) +€ (Uy+2,Uy+3) ++ -+ (Uy+p—1,Uy+p)
<(@1+8712 48734487 P Y e (o, Piio)
=8Y€(flo,@o)YP1pY  —0as5-oo,
thisimplies,

thesequence{il, }isCauchysequenceinH.

As(H,e,K)iscompletesoftmetricspace,thereexistsii€ Hsuchthat™ e
Uy-u

Usingassumption(iii),wehave
e
tty+1=P (iiy) > P ().
Asaresultofuniquenessoflimit,wegetP () =1,
thisimplies,
flisafixedpointofP.

Toproveuniqueness,taketl, EF (P).

ie., P(@)=1u and
P(@)=w.(2.3)
Bycondition(v),thereexistsapath(say{fo,f1,{2,...,il: }) ofsomefinitelengthlinZs
fromiitowsothat
Uo=1I, W=,| il 11]EZ for each r(0<r<i-1).

2.4)
AsZisP-closed,byusingProposition2.9,wehave
[Py, Py, 1]€Z for each 7r(0<r<l-1)and for each 5eNE=NU{0}.
(2.5)
Using(2.3),(2.4),(2.5),propertyofsoftmetric,condition(iv)andProposition2.3,wehave

-1

e@,w)=e(Pyo,Py1)<> € (PYir,PY fir+1)
r=0

<3y PV P iy 11)
Sazzl_rl—_%(Py_zﬁr:Py_zﬁr+1)
<

<OVX G (fir fir+1)

—(0as5—c0,
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sothatii=.
Thus,Phasauniquefixedpoint.
Corollary2.13.Theorem?2.12remainstrueifwereplacecondition(v)byoneofthefollowingconditi
ons(assumingthattheremaininghypothesesholds)
(1) Ziscomplete,
(ii) HisZs-directed.
Prooflf(i)holds,thenforeachir,@EH, [ii, @] €Z,whichamountstosayingthat{i, & }is
apathoflengthinZ sfromiito@sothatY (i,&,Z)isnon-empty.
Hence, Theorem?2.12givesrisetoconclusion.
Otherwise,if(ii)holds,thenforeacht, @EH ,thereexistsﬂ’@ﬁ suchthat[,f{]€Zand
[@,ii] € Zsothat{il,@, i }isapathfromiito@isoflength#hZs
Thus,Y (iL,@,Z s)isnon-emptyii,EH.
Again,byTheorem?2.12alsogiverisetoconclusion.
Example2.14.LetH=Rand€ (il,&)=|ii—a&|,then(H,&)iscompletesoftmetric space.
ConsiderabinaryrelationZ={(il,&) ER2:ii— &= i€ Q }onHandamappingP:
H—Hdefinedby
P()=3+"1L
4
Clearly,H (P;Z)isnon-empty,ZisP—closedandPiscontinuous.

Now,forii, WEZ,wehave

1 1
e(Pu,Pw)=|(3+ Zﬁ)_(3+ Z@N
1~ ~
= |i—a|
4
1 e ~
=_e(i,w)
4
Lema)

i.e.,Psatisfiesassumption(iv)ofTheorem?. 12ford =". -

Hence,alltheassumptions(i)-
(iv)ofTheorem?2.12areholds. Then,Phasafixedpointin/ .
Additionally,condition(v)ofTheorem2.12alsoholds. Therefore,Phas

auniquefixedpoint(ii=4).
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Example2.15.LetH=[0,2]andusualsoftmetric€ (i,&)=|ii—@| then(H,E)is
completesoftmetricspace. DefineabinaryrelationZ={(0,0),(0,1),(1,0),(1,1),(0,2)}
onHandthemapping: H—Hdefinedby
___0ifo<ii<1
P@={z. .
1,if1<u<2

Clearly,H (P;Z)isnon-empty,PisnotcontinuousandZisP—closed.

e
TakeanZ -preservingsequence{ily }suchthatii,—1,

sothat(ily,ly+1)€Zforall5eN,=NU{0}.

Sincesequence{ily }isZ -preserving.

Therefore, (Tiy,iy+1) €{(0,2)}.

Now (ily,iiy+1) €{(0,0),(0,1),(1,0),(1,1)},forall5€No,whichgivestofii, }&{0,1}.
As{0,1}isclosed,wehave[iiy,ii]€Z.

Therefore,Zis€—self-closed.

AllconditionsofTheorem?2.12from(i)-

(ii1)aresatisfied. Nowwecheck (iv)condition,
e(pP0,p0)=e(P0,P1)=€(P1,P0)=€(P1,P1)=€(0,0)=0
Therefore,assumption(iv)issatisfiedbytakingd = - forallil, @€ Hwith (i,&)€Z.
Thus,alltheassumptions(i)-

(iv)ofTheorem2.12aresatisfied. Therefore, PhasafixedpointinH (&i=0).
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