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Abstract

ForaplanargraphG,thevertexlabelingfunctionisdefinedasg:
V(G6)—{0,1}andg(v)iscalledthelabelofthevertexvofGunderg,inducededgelabelingfunctiong*E (G)—{0,1}isgivenasife
=uvthen

g (uv) = g(u)g(v) and induced face labeling function g**: F(G) — {0, 1} is given as if v1, vy, ..., vpande;,
ey, .., epare the vertices and edges of face f then g*(f) = g(vi)g(vz) . .. g(vn)g (er)g (ez) . . .
g*(em).Letusdenotevy(i)
isthenumberofverticesofGhavinglabeliunderg,eg(i)isthenumberofedgesofGhavinglabeliunderg*andF 4 (i)isthenu
mberofinteriorfaces of Ghavinglabeliunderg**,for i€{0,1}.giscalled

thefaceproductcordiallabelingofgraphGif |vg(0) — vg(1)|< 1, |eg(0) — eg(1)|< 1akd|Fg(0) —

Fg(1)|< 1.AgraphGisafaceproductcordialgraphifitadmitsfaceproductcordiallabeling.Letg (0)and
g(1)bethesumofthenumberofvertices,edgesandinteriorfaceshavinglabelsO andlabelslrespectively.giscalled total
face product cordial labeling of graph Gif |g(0) — g(1)] <1. A graph Gis called total face
productcordialgraphifitadmitstotalfaceproductcordiallabeling.Faceproductcordiallabelingisinvestigatedforbookg
raph when kis odd and m<2. Face product cordial and total face product cordial labeling of gear graph
isexploredwhenk>3.Also,thegraphobtainedfromageargraphbyduplicatingeachvertexofdegreetwobyanedge, the
graph obtained from a gear graph by duplicating each vertex of degree three by an edge and the graphobtained
by duplication of all rim vertices of a gear graph by an edge when k<3 is face product cordial
andtotalfaceproduct cordialgraph.

Keywords:BookGraph,Duplication,Faceproductcordiallabeling,
Geargraph,Productcordiallabeling, Totalfaceproduct cordial labeling.

AMSSubjectClassification(2020):05C78,05C76.

1. Introduction

Agraphlabelingistheassignmentofintegerstotheverticesoredgesorbothsubjecttoconditions.
FordifferentgraphlabelingtechniquesweuseadynamicsurveyofgraphlabelingbyGallian[1]. Westartwithasimple, finit
e,undirectedgraphG=(V (G),E (G))withvertexsetVandedgesetEofG.Fordifferentnotationandterminology we
follow Gross and Yellen [2]. Face Cordial labeling and Total face product cordial labeling
weregivenbyP.LawrenceRozarioRajandR.LawrenceJosephManoharan[3].Nowweprovidebriefsummaryofdefiniti
onsandother information which are necessary forthepresentinvestigations.

2. Definitions
Definition2.1Acycleinagraphisanon-emptytrailinwhichonlythefirstandlastverticesareequal.

Definition2.2ThegraphW,,=C,+Kiiscalledawheelgraph.ThevertexcorrespondingtoKiiscalledtheapex vertexandthe
verticescorrespondingtoCnarecalledthe rim vertices[1].

Definition2.3 AbookgraphB(m,n)isagraphobtainedbyidentifyingnedgestakingoneedgefromeachofthendistinctcopiesof

Cp,whereniscallednumberofpagesofthebookB(m,n).Theedgeobtainedbyidentifyingnedgesiscalledthespineor baseof
thegraphB(m,n)[4].
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Definition 2.4 A gear graph G, is obtained from the wheel graph Wby adding a vertex between every pair
ofadjacentverticesin thecycleCy[5].

Definition 2.5A mapping f:V (G)—{0, 1}is calledabinary vertexlabeling of Gand f(v)is calledthe labelof the vertex v
of G under f. We denote v¢(0) as the number of vertices with label 0 and v¢(1) as the number
ofverticeswithlabel1[5].

Definition 2.6 A product cordial labeling of graph G with vertex set V is a function f: V (G) — {0, 1} such
thateach edge uv is assigned the label f(u)f(v), the number of vertices with label 0 and the number of vertices
withlabel 1 differ by atmost 1 and the number of edge with label 0 and the number of edge with label 1 differ
byatmost1l.Agraphwhichadmitsproductcordiallabelingiscalledaproductcordialgraph.Sundaram,PonrajandSomas
undaram[6]introducedaproductcordiallabeling.

Definition2.7 Theneighbourhoodof avertexvofagraph isthesetof allverticesadjacenttov.Itis denotedby

NW)[5].

Definition2.8DuplicationofavertexofthegraphGisthegraphG'obtainedfrom Gbyadding anewvertexv’
tosuchthatN (v)= N(v)[5].

Definition 2.9 Duplication of a vertex viby a new edge e=vy, v’y in a graph G produces a new graph G’ suchthat
NV ={vi, v"'i} and N(v'" ) ={vy, v’k }. The symbols of duplication of a vertex by a new edge andduplicationof
an edgebyanewvertex werefoundbyVaidyaandBansara[7].

Definition 2.10For a planar graph G, the binary vertex labelingfunctionis definedas g:V (G)—{0, 1}andg(v)is the
label of the vertex v of Gunder g, induced edge labeling function g~:E(G)—{0, 1} is given as if e =uv then g*(uv)=
g(uw)g(v) and induced face labeling function g=: F(G) — {0, 1} is given as if vy, V3, ..., vhand ey, e, ..., epare
the vertices and edges of face f then g=(f) = g(vpglvz) . . . glvwg (er)g (e2)
g*(em).Letusdenotevy(i)isthenumberofverticesofGhaving
labeliunderg,eq(i)isthenumberofedgesofGhavinglabeliundergandfy(i)isthenumberofinteriorfacesofGhavinglabeliun
derg*+fori=1,2.giscalledthe

faceproductcordiallabelingofgraph G if if]lvg(0) — vg(1)| < 1, |eg(0) — eg(1)| < 1 and |Fg(0) —Fg(1)]|
<1. A graph G is a face product cordial graph if it admits face product cordial labeling [3]. P.
LawrenceRozarioRaj andR.LawrenceJosephManoharan [3]introducedafaceproductcordiallabeling.

Definition 2.11For a planar graph G, the binary vertex labelingfunctionis definedas g:V (G)—{0, 1}andg(v)is the
label of the vertex vof G under g, induced edge labeling function g~E(G)—{0, 1}is given as if e=uv then
g*(uv)=g(u)g(v) and induced face labeling function g** :F(G)— {0, 1} is given as if vi, v, ..,
vhandes, ey, ... eparetheverticesandedgesoffacesftheng**(f) =g(v1)g(v2)...g(vn)g*(e1)g*(e2)..g*(em).Let g(0) and
g(1) be the sum of the number of vertices, edges and interior faces having labels 0 and labels 1respectively. g is
called total face product cordial labeling of graph G if |[g(0) — g(1)|<1. A graph G is
calledtotalfaceproductcordialgraphifitadmitstotalfaceproductcordiallabeling[3].P.LawrenceRozarioRajand
R.LawrenceJosephManoharan|3Jintroducedatotalfaceproductcordiallabeling.

Note:-Throughoutthe articleweusei€ [k],wheneverl <i < k.
3. Results

Theorem3. 1 AbookgraphB(m,k)isfaceproductcordialgraphifbothmandkareoddandm=>3.

Proof: Let B(m, k) be the book graph with both mand kare odd with m>2 is obtained by identifying kedgestaking
one edge from each of the kdistinct copies of C,,, where kis called number of the pages of B(m, k). Theedge
obtained by identifying kedges is called the spine. Thus, |V(B(m, k))| = (m — 2)k + 2, |[E(B(m, k))|
=(m—1)k+ lakd|F(B(mk))|=kNametheverticesofGasfollows:voandv’ototheendverticesofthe

spineinB (m,k).Letvy1,V21,V31,... V(m—2)nbetheconsecutive vertices of1stcopyofCp,,2ndcopyofCp,...,
kthcopyofC,,otherthan

theendverticesofthespine.Define
f:V(B(m,k))—{0,1}asfollows:
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1, ifxe{vo,v'o};
m—1 k—1
1, ifx=wj, i€[ TiEl 1
— 2 2
feo= A
0, otherwise.
Inviewofabovelabelingpatternwehave,v(1) =(m_2)n+3,v(0) =(m_2)n+1,e(1) =(m_1)n,e(0) =

n—1 n+1 i iy 5 i 2
m-2n+1,F(1)=""" akdF(0)=""". Thus,|e(0) —é (1)|< 1,|v(0) —v(1)| < lakd|F
¥ 2 i 2 ¥ i f f

2
F¢(1)|=< 1.Hence,B(m,n)isafaceproductcordialgraphwhenmandnbothoddwithm>3asitadmitsface
productcordiallabeling.

f
0)-
f

Illustration3.1:FaceproductcordiallabelingofB (5,3)isshownintheFigurel.

Vi3

Va3

Figurel:FaceproductcordiallabelingofB(5,3)

Theorem3.2GeargraphGnisafaceproductcordialandtotalfaceproductcordialgraphforn>3foroddvaluesofn.
Proof:LetW, beawheelgraphwiththeapexvertexvgandconsecutiverimverticesasvy, vy, ..., V. Thegeargraph G ,isobtainedby
subdividingeachoftherimedgesv,v,,v,v3,...,Up—1 U, vy v10f W bythevertices

U, Uy, .. uqrespectively. Thus,|V(G,)|= 2k+ 1,|E(G,)| = 3kakd|F(G,)| = k.

Defineafunction f:V(G) — {0,1}asfollows:

1, ifx=vo;
( k—1
|4, ifr=w,i€[ >4
feo= 1| 21
J 1, ifx=wii€,
0, otherwise.
Inviewofabovelabelingpatternwehave,v(0)=k,v(1)=k+ 1,e(0)=3n+1,e(1)=3"_1,F(0)=

_ T f
n+1,F(1)="""Thus,|e(0)—e (1)| < 1,|v(0) —v(D)| <1 akd|F(0) —F(1)| £ 1.Hencd
¥ 2 ¥ ¥ f f Fani1  F
G%sfaceproductcordlalgraphforalloddkandkz 3.Als0,g(0)=v(0)+e(0) +F(0)=k+ +
o 5 f
n1=3k+Landg (1) =v(1)+ e(1)+ F(D=(k+ 1) + L3k Thus[g(0) —g()] < 1.
2 2 2

Hence,itistotalfaceproductcordialgraph.

Ilustration3.2:FaceproductcordiallabelingandtotalfaceproductcordiallabelingofGsisshownintheFigure2.
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Figure2:FaceprodctcordiallabelingofGs.

Theorem3.3ThegraphobtainedbyduplicationofeachvertexofdegreetwobyanedgeinG,admitsfaceproductcordial
labeling and totalfaceproduct cordial labelingbothfork=>3.
Proof:LetW,beawheelgraphwiththeapexvertexvyandconsecutiverimverticesasvy, vy, ..., v,. Thegeargraph G ,isobtainedby
subdividingeachoftherimedgesv,v,,v,v3,..., V-1 Uy, v, v10fW  bythevertices

uy, Uz .. , uprespectively. Thus, |V (G,)|=2k+1, |E(G,)|=3kakd |F(G,)|= k. Let Gbe the
graphobtainedfromG,byduplicatingeachvertexu; ofdegreetwobyanedgeu’iu'’; respectivelyforalli
=1,2,3,..,k.Thus,|V(G)|=4k+ 1,|E(G)|=6kakd|F(G)|=2k.

Defineafunction f:V(G) — {0,1}asfollows:

1, ifx =vo;

1, ifx=w;i ;

feo)= {1, i x=ufl§[[¢ﬁ];
1

10, ifxe{uiu"}ie[k].

Inview of above labeling pattern we have, v;(0)=2k,v{(1)=2k+1,e/(0)=3k,e;(1)=3k,F;(0)=

k, F{(1) = k. Thus, |ef(0)—e; (1)| < 1, |[vy (0) — vy (1) < 1akd |F;(0) — F; (1) < 1.Hence, Gyisface
product cordial graph for all odd kand k= 3. Also, g(0) = vp(0) + e;(0) + F;(0) = 2k + 3k + k = 6kand
g(1) = v(1) + ef(1) + F(1) = 2k + 1) + 3k + k = 6k + 1 . Thus, |g(0)—g(1)| =< 1. Hence, it
istotalfaceproductcordialgraph.

Ilustration3.3:FaceproductcordiallabelingandtotalfaceproductcordiallabelingofGsisshownintheFigure

Figure3:FaceprodctcordiallabelingofGs.

Theorem3.4ThegraphobtainedbyduplicationofeachvertexofdegreethreebyanedgeinGisbothfaceproductcordial
graphand totalfaceproduct cordialgraph.
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Proof: Let W,be a wheel graph with the apex vertex vpand consecutive rim vertices as vy, ... , Vp. The
geargraphG,isobtainedbysubdividingeachoftherimedgesv, v,,v,v3,..., V-1V, v, v 0f W bythevertices

Uy, Uy, ..., uprespectively. Thus, |V (G,)|=2k+1, |E(G,)|=3kakd |F(G,)|= k. Let Gbe the graphobtained
from G,by duplicating each vertex vjof degree three by an edge v'jv'jrespectively for all i
=1,2,3,..,k.Thus,|V(G)|=4k+ 1,|E(G)|=6kakd|F(G)|=2k.

Defineafunction f:V (G) — {0,1}asfollows:

1, ifx =vo;
1, ifx=vyl€[k];
foo= { b e
1
10, ifxe{v'iv’i},i€[k].

Inview of above labeling pattern we have, v;(0)=2k,v{(1)=2k+1,e/(0)=3k,e;(1)=3k,F;(0)=

k, F;(1) = k. Thus, |ef(0) — e; (1)| < 1, |v;(0) — vy (1)| < 1akd |F;(0) — F;(1)| < 1.Hence, Gyisface
product cordial graph for all odd kand k= 3. Also, g(0) = vp(0) + e;(0) + F;(0) = 2k + 3k + k = 6kand
g(1) = (1) + e;(1) + F(1) = 2k + 1) + 3k + k = 6k + 1. Thus, |[g(0) — g(1)|] < 1. Hence, it
istotalfaceproductcordialgraph.

Ilustration3.4:FaceproductcordiallabelingandtotalfaceproductcordiallabelingofGaisshownintheFigure

Figure4:FaceprodctcordiallabelingofGa

Theorem3.5ThegraphobtainbyduplicationofeachoftherimverticesinGisbothfaceproductcordialgraphandtotalfacep
roductcordialgraphifkiseven.

Proof:LetW, beawheelgraphwiththeapexvertexvgoandconsecutiverimverticesasvy, vy, ..., V. Thegeargraph G isobtainedby
subdividingeachoftherimedgesv,v,,v,v3,..., U -1 Vp, vy v10f W bythevertices

Uy, Uy, ..., uprespectively. Thus, |V (G,)|=2k+1, |E(G,)|=3kakd |F(G,)|= k. Let Gbe the graphobtained from
G,by duplicating each vertex vjand uby an edge v'jv"jand u'ju’; respectively  for  all i
=1,2,3,..,k.Thus,|V(G)|=6k+ 1,|E(G)|=9%akd|F(G)|=3k.

Casel:n=0(mod4).
Defineafunction f:V (G) — {0,1}asfollows:

1, ifx=v;i€{0,[k]};
1, ifx=u;,i€lk];k
¥ eIkl
feo= { P Ll
1, ifx=u'iie[ k-
'k
1, ifx=u 1,16[4]; —
10, otherwise.
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Inviewofabovelabelingpatternwehave,v(0)=3k,v(1)=3k+1,e(0)= om e()= 9 F(0)=

;m F()=  an .Thusje(@—e (D] <ip =5 @ < 1dkaF @LF @) fience,

Z;i_sfgceproduc]grdialgraphfgralloddkfmdkz 3.Alsofg(0)=v(06 +e(0)+F (0)=319E+ ! on

# =9kandg(1)=v(1)+e(1)+F(1)=Bk+1)+ on 2 f=9k+1.frhus,|g(—'6)—g(1)|szT—
Fooor R H

1.Hence, itistotalfaceproductcordialgraph.

Case2:n=1(mod 4).

Defineafunction f:V(G) — {0,1}suchthat,
s ifx=v;1€{0,[k]};

1, ifx=u;i€[k];
k+3
1 ifx=v i€
ifx=v 1El[ Z k
1, ifx=v",ie k=1 .
fo= LT
1, ifx=u',i€[ ﬁ
1, ifx=u",ie k-1
CTLT
10, otherwise.
In view of above labeling pattern we have, v(0)=3kfv(1)=3k+1}e(0)= 9nﬂ[,e(1}= R
] [F(l)f] ]Thus|e(0)—e ; (1)|Sl,|v(0)—v(1)|£1akd|F 2 f(0)—
I'F 6)1) %‘kl MT &&ﬂtia S%rodlugﬁ%?g {i]ljl for (ligddlggeﬁdkéi+ﬁgso,g(0) vf(0)+ef(03 ]+] _]__
I,

9k Thus,|g(0)— g(1)|< 1 Hence 1t1stotalfaceproductcordlalgraph

Case3:n=2(mod 4).
Defineafunction f:V(G) — {0,1}suchthat,

1, ifx=v,i€{0,[k]};
1, ifx= ul,le[%]+ 2
1, ifx=v,ie[ |
k+2 4
1, ifx=v"i€[ |;
f)= i 4
k=2
1, ifx=u’;i€[ 1;
k=2 4
1, ifx=u",i€[ 1;
| i 4
10, otherwise.
Inviewofabovelabelingpatternwehave,v(0)=3k,v(1)=3k+1,e(0)= m e()= 9 F(0)=
;m F()= 30 .Thus, [e(@)—e (D] <Ly =5 @ < 1dkaF @LF @) &M fience,
szgfﬁceproduc]g(lrdialgraphfgralloddkfindkz 3.Alsofg(0)=v((?3 +e(0)+F (0)=3Af+ ¥ o,
dh =9kand g(1)=v(1)+e(1)+F(1)=Bk+1)+ on 2 £9k+ 15 Thus,fig(0)—g(1)] 4
S0 f f f HTH
1.Hence, itistotalfaceproductcordialgraph.
Case4:n=3(mod 4).
Defineafunction f:V(G) — {0,1}suchthat,
Page No: 6
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]{ ifx=1v;i€{0,[k]};

1, ifx=u;i€[k];
o k+1
1, 1fx—v,1€i[ Z "
1, ifx=v",ie k+1
foo= 1 LT
k4
1, if x=u'j,i€ —;
| f vi€[ s ]
1, ifx=u",i€[ ;
| i 4]
10, otherwise.
In view of above labeling pattern we have, v(0)=3k,v(1)=3k+1,e(0)= M[,e(1)=
9n—1 3n+1 3n-1 ¥ ¥ F 2 f
] JF(0)= LFE(1)=]" "].Thus,|e(0) —e D < 1,|v((})—v(1)| < lakd|F 0)—
2 ¥ 2 ¥ 2 f i f f

F¢(1)|<1.Henge,Gisfaceproductcordialgraphforalloddkandk=3. Also,g () vp(0)+£r(0) +
Ff(fog=3k+lé"—pf[ ¥ ﬁ?[=9k+1 andg(D)=v(1)+ e(1)+ F(1)=(3k+ 1)+ ]‘99 "+ ]% fe]':

2 2 i i i
9k.Thus,|g(0)—g(1)| < 1.Hence,itistotalfaceproductcordialgraph.

2 2

Thus, by all the above cases it satisfies face and total face product cordial labeling if n is even. Hence the
graphobtainbyduplication ofeachrimverticesinG,admitsboth faceandtotalfaceproductcordiallabeling.

Ilustration3.4:FaceproductcordiallabelingandtotalfaceproductcordiallabelingofGsisshownintheFigure5.

Figure5:FaceproductcordiallabelingGs

4.Conclusion

We applied Face product cordial labeling on Book graph when m and n both odd with m>3. Also we
appliedFace product cordial labeling and Total Face product cordial labeling on Gear graph (k=3). We also
showedthreeresultsonthegraphobtainedbyswitchingofavertexofdistinctdegreesinthegeargraphisFaceand Totalface
cordial labelingunderthecondition saiderlier.
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