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Abstract 

Thesquare sum degree divided by diameter matrix SSD(G) of a 
d2+d2 

graphGisasquarematrixwhose(i,j)thentryis i j
 wheneveri/=j 

andotherwisezero.wheredi,djisthedegreeofithandjthvertexofG. In this 
paper, we define square sum degree divided by diameter 
energyESSD(G)assumofabsoluteeigenvaluesofSSD(G).Alsoobtained 
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1 Introduction 

The basics idea of graph theory were born in 1736 with Eulers paper in 
whichhesolvedtheKonigsbergbridgeproblem.Inthelastdecadesgraphtheoryha
s established itself as a worthwhile mathematical disciplines and there 
aremany applications of graph theory to a wide variety of subjects which 
includeoperation research, Physics, Chemistry, Economics, Genetics, 
Sociology, Engi-

neeringetc.Wecanassociateseveralmatriceswhichrecordinformationabout 
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verticesandhowtheyinterconnected.Thatiswecangivenanalgebraicstruc-
turetoeverygraph.Manyinterestingresultcanbeprovedaboutgraphsusingmatricesa
ndotheralgebraicproperties.Themainuseofalgebraicstructureisthatwecantranslat
epropertiesofgraphsintoalgebraicpropertiesandthenusingtheresultsandmethods
ofalgebra,todeducetheoremsaboutgraphs.Wemainlyconcendrateonenergyofgrap
hswhichwasintroducedbyI.Gutmanin1978[5].whichishavingdirectconnectionwitht
otalπ-
electronenergyofamoleculeinthequantumchemistryascalculatedwiththeHuckelm
olecularorbitalmethod.Recentlyseveralresultsonenergyrelatedwithmatricesdeal-
ingwithdegreeofverticesanddistancebetweenverticeshavebeenstudiedsuchasdist
anceenergy[7,9],degreesumenergy[6],degreeexponentenergy[11,10],degreeexpo
nentsumenergy[8,3],degreesquaresumenergy[2,1,4]etc.Incontinuationwiththis,in
ordertoupgrade,wenowintroduceconceptofdegreesquaresumdistancesquareener
gyofconnectedgraph.Thepurposeofthispaperistocomputesquaresumdegreedivide
dbydiametermatrixdenotedbySSDDD(G). 

 

 
2 Squaresumdegreedividedbydiameterma-

trixanditsenergy 

LetGbeaconnectedgraphofordernwithvertexsetV(G)=(v1,v2,...,vn).Wedenote 
by d(vi) as the degree of a vertex viwhich is the number of edgesincident 
on it and the distance between two vertices viand vjas dij,thelength of the 
shortest path joining them. Motivated from previous 
research,wenowdefinethedegreeSquaresumdegreedividedbydiametermatrix
ofaconnectedgraphGas, 

 

( 
d2+d2 

 

 

 
ifthereisapathbetweenv 

 
andv 

 

 
Thesquaresumdegreedividedbydiametermatrixisasymmetricmatrixwitheig

envaluesasψ1≥ψ2≥ψ3≥ ................................. ≥ψp. 
ThecharacteristicpolynomialofSSD(G)isgivenbydet|ψI－SSD(G)|. 
TheSquaresumdegreedividedbydiameterenergyofthegraphGisdefined 
assumofabsolutevaluesofψi,i=1,2, ................... ,p. 

 

E 
SD

(G) 
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= 
i=1 

|ψi|. 
p

bij= i j .
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3 PropertiesofSquaresumdegreedividedbydi
ameterenergy 

Theorem3.1.Ifeigenvaluesof SSD(G)areψ+>ψ+ >···>ψ+,then 
 

p 

1. ψi=0and 
i=1 

Σ Σd2+d22
 

Σd2+d22
 

 

 

Proof.(1)SincethediagonalentriesarezerothesumofleadingdiagonalentriesofSS

D(G)iszero. 
p 

Hence ψi=0. 
i=1 

(2)ThesumofsquaresoflatentrootsofSSD(G)isthesumoflatentrootsof 
[SSD(G)]2, n p n 
Σ

ψ2=
ΣΣ

uijuji 
i=1 i=1 j=1 

=0+2 (uij)2 
i<j 

Σd2+d22
 

 
i=1 =2Φ. 

diam(G) 
Theorem3.2.Ifc0,c1andc2arethefirstthreecoefficientsofcharacteristicpolynomial
ofSSD(G)matrix,then 

 

1.c0=1, 
 

2. c1=0and3.

c2=－Φ. 

Proof.(i)Bydefinition,Γ(ψ,x)=det[ψI－Φ]. 
Thereforec0=1. 
(ii)c1=(－1)1×trace(Γ)=－1×0=0. 

2. =2Φ 
i=1 

diam(G) 

whereΦ= .

=2 
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(iii)Bydefinitionc2= 
Σ

 |uii uij|= 
Σ 

 

 
 

(aii 

 
 
 
ujj 

 

—uij 

 
 
 
uji) 

1≤i<j≤p
|uji ujj| 1≤i<j≤p 

= 
1≤i<j≤p 

uiiujj－ 
1≤i<j≤p 

ij=0－Φ=－Φ. 
 

 
 

WehavethefollowingboundsforSSD(G)usingMcClelland’sinequalities. 
 

Theorem3.3.LetGbeagraphwithpvertices,thentheupperboundfor 
SSD(G)is 

 

E 
SSD

(G) 2pΦ. 
diam 

Proof.Letψ1≥ψ2≥···≥ψpbetheeigenvaluesof SD(G),thenbyUsing 
Cauchy-Schwarz inequality wehave, 

 

p 
 
 

i=1 

2 

uivi ≤ 
p 

2 
i 

i=1 

p 
2 
i 

i=1 
 

Chooseui=1,vi=.ψi.andbyTheorem3.1 
 

"
Σp . .

#2
 

 

 
"
Σp #"

Σp .+.2
#
 Σ +2 

 
i=1 

.ψi
. ≤ 1 

i=1 
 

i=1 
.ψi

. =p ψi 

i=1 
 

SSD 
diam 

2 

E(G) ≤p2Φ. 

 

Hence 
E 

SSD
(G) 2pΦ. 

diam 
 

 
 

WepresentthefollowinglowerboundsforESSD(G). 

Theorem3.4. LetGbeagraphwithpvertices. Ifτ =.detSSD(G).ofG, 
 
 

thenthelowerboundis 
E

SSD
(G)≥

q

2Φ+p(p－1)τ
2
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Proof.Bydefinitionwehave, 

SSD 2 "
Σp.

 

 
 

.
#2 "

Σp.
 

 
 

.
#"
Σp. .

# 

 

=
Σ

.ψ.2+
Σ

.ψ..ψ.. 
  

Fromthe inequalityof arthimeticandgeometric means 

1 Σ. .. . 
 

 

 

"
Y. .. 

 
1 

.p(p−1) 

Therefore 
p(p－1)

i
 

.ψi..ψj.≥ 
i/=j .ψi..ψj. . 

SSD 2 Σ. .2 
"
Y. .. 

 
 

1 

.p(p−1) 

E (G) 
diam 

≥ i=1 
.ψi. +p(p－1) 

.ψi..ψj. 

 Σ. .2 
"
Yp.

 
.2(p−1) 

1 p(p−1) 
≥ 

i=1 

.ψi. 
 
 

 

+p(p－1)  
i=1 

.ψi. . 
 
 

= 
i=1 

.ψi. 
p 

+p(p－1) 
i=1 
2 

 
 

2 p 

ψi. 

=2Φ+p(p－1)τp. 
 

Hence 
E 

SSD
(G))≥

q

2Φ+p(p－1) 

 

 
2 

τp. 
 

 
 

Theorem 3.5. Let ri and si, 1 ≤ i ≤ p be positive real numbers with M1 
=max1≤i≤p(ri),M2=max1≤i≤p(si),m1=min1≤i≤p(ri),  m2=  
min1≤i≤n(si)thenbytheorem90of[?] 

Σ
r2
Σ s2≤ 1

"r
M1M2+

 
 

r
m1m2 

#2"
Σn

 
 

2 
rs . 

 
i=1 

i i 4 
i=1 

m1m2 M1M2 i i 
i=1 

Theorem3.6.ForagraphGwithpverticeslet 
|ψ1|and|ψp|arethemaximumandminimumeigenvaluesamongall|ψi|JsofSSD(G)re
spectively,thenwe 
have 

E 
SSD

(G)≥
√

8pΦ|ψ1||ψn|. 
diam |ψ1|+|ψp| 
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Proof.ConsideragraphGwithpverticeslet|ψ1|and|ψp|arethemaximumandminim
umeigenvaluesamongall|ψi|JsofSD(G)respectively. 
Fromtheorem3.5, 

Σ
r2
Σ s2≤ 1

"r
M1M2+

 
 

r
m1m2 

#2"
Σp 2 

rs . 
 

i=1 
i i 4 

i=1 
m1m2 M1M2 i i 

i=1 

Letri=1,si=|ζi|,M1M2=|ψi|,m1m2=|ψp|then 

Σ
12
Σ ψ2≤

1
 

"s
|ψ1|+ 

s
|ψn| 

#2"
Σp 2 

1|ψ| 

i=1 

Fromtheorem3.1 

i 4 
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i 
i=1 

1
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#

 
 

 

SSD 2 
 

 

E 
SSD

(G) 
diam 

2 
8pΦ|ψ1||ψp| 
(|ψ|+|ψ|)2 

 

E
SSD

(G)≥
√

8pΦ|ψ1||ψp|. diam |ψ1|+|ψp| 
 

 
 

Theorem 3.7. Let ri and si, 1 ≤ i ≤ n be non negative real numbers 
with 
M1=max1≤i≤n(ri),M2=max1≤i≤n(si),m1=min1≤i≤n(ri),m2=min1≤i≤n(si)thenby
theorem3.1of 
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Theorem3.8.ForagraphGwithpvertices,wehave 
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Proof.ConsideragraphGwithpverticeslet|ψ1|and|ψp|arethemaximumandminim
umeigenvaluesamongall|ψi|JsofSSD(G)respectively. 
Fromtheorem3.7, 
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Letri=1,si=|ψi|,M1M2=|ψi|,m1m2=|ψp|,then 

Σ

i=1 

Fromtheorem3.1 

12 

i=1 

ψ2－ 
p 

i=1 

2 

1|ψi| ≤ 
2 

(|ψ1|－|ζp|)2. 

p2Φ－E 
SSD 
diam 

(G) 
2 

 

 

2 

(|ψ1|－|ψn|)2, 

E 
SSD

(G) 
diam 

≥
r

2pΦ－ 
p2 

2
 

4
(|ψ1|－|ψp|). 

Theorem3.9.Letriandsi,1 ≤i≤pbepositiverealnumbers,thenby[13] 
p p p 

|p
Σ

risi－
Σ

ri

Σ
si|≤µ(p)(A－a)(B －b) 

wherea,b,AandBarerealconstants,thatforeachi,1≤i≤p,a≤ai≤A 

 
Theorem3.10.ForagraphGwithpvertices,wehave 

E
SSD

(G)≥
q

2pΦ－µ(p)(|ψ|－|ψ|)2. 
 

Proof.ConsideragraphGwithpverticeslet|ψ1|and|ψp|arethemaximumandminim
umeigenvaluesamongall|ψi|JsofSSD(G)respectively. 
Fromtheorem3.9, 

 
p p p 

|n
Σ
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Σ
si|≤µ(p)(A－a)(B －b). 

Letri=si=|ψi|,A=B=|ψ1|,a=b=|ψn|then 

|
Σ

i=1 

|ψi|－ 
p 

 
 

i=1 
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|ψi| |≤µ(p)(|ψ1|－|ψp|)(|ψ1|－|ψp|). 

Fromtheorem3.1 

|p2Φ－E 
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2  
|≤µ(p)(|ψ1|－|ψp|), 

E
SSD
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q
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4 Squaresumdegreedividedbydiameterma-
trixanditsenergyforstandardgraphs 

Theorem4.1.LetKpbeacompletegraphwithpvertices,then 

E
SSD

(K)= 2p3+12p2－82p+116. 
 

Proof.ThecompletegraphKpwithp-
verticeshavetheirsquaresumdegreebydiametermatrixasfollows 

 
0 2(p－1)2 2(p－1)2 ... 2(p－1)2


 

  2(p－1)2 0 2(p－1)2 ... 2(p－1)2
 

 

 

     SSD
(K)= 2(p－ 

diam  . 1)2 
2(p－

.
 

1)2 
0 ... 2(p－

.
 1)2 . 

 

  

2(p－1)2 2(p－1)2 ... 2(p－1)2 0 
Itscharacteristicpolynomialis, 

[ψ－(18p2－88p+118)][ψ－(－(2p2－4p+2))](p−1)=0. 
Spectra 

 

Therefore 
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diam p 
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1 p－1 

E 
SSD

(K)=|(18p2－88p+118)|1+|－(2p2－4p+2)|(p－1) 

=2p3+12p2－82p+116. 

Theorem4.2.LetS0,p≥3beacrowngraphwith2pvertices,then 

SSD 0 4p3+28p2－172p+236 
 

Proof.ThecrowngraphS0withp-verticeshasit’ssquaresumdegreebydi- 
ametermatrixasfollows 

  
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Itscharacteristicpolynomialis 

3 

Spectra SSD 

3 

(S0) 
38p2−180p+238 

= 
−(2p2−4p+2) 

3 . 

Therefore 
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verticeshasit’ssquaresumdegreebydiametermatrixasfollows 

 
p2+1

3 
 

  

 
p2+1

3 

 
p2+1

3 

 
2p2

3 

 
p2+1

3 
 

 

... p2+1 

 

p2+1 3 
 

 

2 2 p2+1 
3 3 3 

 

 
   

2 ... 2 
 

 
 

  

p2+1 2 
3 3 

 
 

2 p2+1 
3 3 

 

 

2 ... 2 

SSD 2p2 p2+1 p2+1 
0 p2+1 

 
 p2+1 

...  

3 3 3 

p,p  

3 3 3 

 

(K 

diam 

)= p2+1 2 2 2 
3 3 3 3 

2 ... 2 
.
  

0

p2+1 
3

30
0

0

2
3

Journal of Vibration Engineering(1004-4523) || Volume 24 Issue 7 2024 || www.jove.science

Page No: 11



 

 

 

 

. . . . 
 .1+   1+ 

16 16 24 24 

3

. . 

p2+1 2 
3 3 

. . . 

2 2 p2+1 
3 3 3 

. ... . 
2 ... 0 

Journal of Vibration Engineering(1004-4523) || Volume 24 Issue 7 2024 || www.jove.science

Page No: 12



 

 

－

Itscharacteristicpolynomialis 

Journal of Vibration Engineering(1004-4523) || Volume 24 Issue 7 2024 || www.jove.science

Page No: 13



 

 

Spectra SSD
(K 

d
i
a
m 

Journal of Vibration Engineering(1004-4523) || Volume 24 Issue 7 2024 || www.jove.science

Page No: 14



 

 

Journal of Vibration Engineering(1004-4523) || Volume 24 Issue 7 2024 || www.jove.science

Page No: 15



 

 

Journal of Vibration Engineering(1004-4523) || Volume 24 Issue 7 2024 || www.jove.science

Page No: 16



 

 

Journal of Vibration Engineering(1004-4523) || Volume 24 Issue 7 2024 || www.jove.science

Page No: 17



 

 


−(35p2−129p+162) (45p2−103p+122) (−16p2

) −16 

 

 1 1 1 (2p－3). 

Journal of Vibration Engineering(1004-4523) || Volume 24 Issue 7 2024 || www.jove.science

Page No: 18



 

 

Therefore 

E
S
S
D
(
K

 
d
i
a
m 

Journal of Vibration Engineering(1004-4523) || Volume 24 Issue 7 2024 || www.jove.science

Page No: 19



 

 

Journal of Vibration Engineering(1004-4523) || Volume 24 Issue 7 2024 || www.jove.science

Page No: 20



 

 

)= 

Journal of Vibration Engineering(1004-4523) || Volume 24 Issue 7 2024 || www.jove.science

Page No: 21



 

 

−(35p2−129p+162) (45p2−103p+122) −16p2 

Journal of Vibration Engineering(1004-4523) || Volume 24 Issue 7 2024 || www.jove.science

Page No: 22



 

 

Journal of Vibration Engineering(1004-4523) || Volume 24 Issue 7 2024 || www.jove.science

Page No: 23



 

 

. 16 . . 16 . . 24 . .24   . 

=
1

(272p2 632p+756). 
48 

Journal of Vibration Engineering(1004-4523) || Volume 24 Issue 7 2024 || www.jove.science

Page No: 24



 

 

 

√
－ －  － 

 √ √ 

diam 

. . . . . . 

diam p

diam p

 

 

1 1 2p 1
.
 

. . .

 

SquareSumDegreeDividedByDiameterEnergyofGraphs 11 

Theorem4.5.LetFpbeaFriendshipgraphwithpvertices,then 

E
SSD

(F)=
√

9760p2－40544p+43792+4(2p－1). 

Proof.TheFriendshipgraphFpwith2p+1verticeshasit’ssquaresumdegreebydiamete
rmatrixasfollows 

 
0 2(p2+1) 2(p2+1)  ...  2(p2+1)


 

  SSD 2(p2+1) 0 4 ... 4 2 

 (Fp)= 2(p diam  
+1) 4 0 ... 4 .  ... . 

 
Itscharacteristicpolynomialis 

h
ψ (8p 4)+ 9760p2 40544p+43792

i
 

h
ψ－(8p－4)－

√
9760p2－40544p+43792

i
[ψ+(4)]2p−1=0 

Spectra
SSD

(F)= 
 
 
 

(8p－4)+ 9760p2－40544p+43792(8p－4)－ 9760p2－40544p+43792 4 
－ 

Therefore,ESSD(Fp)= 
 

(8p－4)+
√

9760p2－40544p+43792 1+ (8p－4)－
√

9760p2－40544p+43792 1+ 4 (2p－

=
√

9760p2－40544p+43792+4(2p－1). 
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