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Abstract

Thesquare sum degree divided by diameter matrix i—?{;rg) of a
) d*+d* o
graphGisasquarematrixwhose(i,j)thentryis —— - wheneveri/=j
andotherwisezero.whered,—,djisthedegreeofithandjthvertexofG. In this
paper, we define square sum degree divided by diameter
enety,gxf@(G)assumofabsoluteeigenvaluesof%{,g).Alsoobtained

someboundsan>2

Jiam €igenvaluesandenergy.
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1 Introduction

The basics idea of graph theory were born in 1736 with Eulers paper in
whichhesolvedtheKonigsbergbridgeproblem.Inthelastdecadesgraphtheoryha
s established itself as a worthwhile mathematical disciplines and there
aremany applications of graph theory to a wide variety of subjects which
includeoperation research, Physics, Chemistry, Economics, Genetics,
Sociology, Engi-

neeringetc.Wecanassociateseveralm&trgse®Nehithrecordinformationabout
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verticesandhowtheyinterconnected.Thatiswecangivenanalgebraicstruc-
turetoeverygraph.Manyinterestingresultcanbeprovedaboutgraphsusingmatricesa
ndotheralgebraicproperties.Themainuseofalgebraicstructureisthatwecantranslat
epropertiesofgraphsintoalgebraicpropertiesandthenusingtheresultsandmethods
ofalgebra,todeducetheoremsaboutgraphs.Wemainlyconcendrateonenergyofgrap
hswhichwasintroducedbyl.Gutmanin1978[5].whichishavingdirectconnectionwitht
otaln-
electronenergyofamoleculeinthequantumchemistryascalculatedwiththeHuckelm
olecularorbitalmethod.Recentlyseveralresultsonenergyrelatedwithmatricesdeal-
ingwithdegreeofverticesanddistancebetweenverticeshavebeenstudiedsuchasdist
anceenergy|[7,9],degreesumenergy[6],degreeexponentenergy[11,10],degreeexpo
nentsumenergy[8,3],degreesquaresumenergy[2,1,4]etc.Incontinuationwiththis,in
ordertoupgrade,wenowintroduceconceptofdegreesquaresumdistancesquareener
gyofconnectedgraph.Thepurposeofthispaperistocomputesquaresumdegreedivide
dbydiametermatrixdenotedbySSDDD(G).

2 Squaresumdegreedividedbydiameterma-
trixanditsenergy

LetGbeaconnectedgraphofordernwithvertexsetV(G)=(vyvy,...,v,).Wedenote
by d(v;) as the degree of a vertex viwhich is the number of edgesincident
on it and the distance between two vertices viand vjas dj;,thelength of the
shortest path joining them. Motivated from previous
research,wenowdefinethedegreeSquaresumdegreedividedbydiametermatrix
ofaconnectedgraphGas,

C . .
di+d; . .
b= diam(G) ifthereisapathbetweenv ; andv ;
i 0 otherwise

Thesquaresumdegreedividedbydiametermatrixisasymmetricmatrixwitheig
envaluesasy 1=y, =3= ..., =yp.
Thecharacteristicpolynomialof**?(g)isgivenbydet| ¢! —>°(G)|. giam
TheSquaresumdegreedividedbydiameterenergyofthegraphGisdefined
assumofabsolutevaluesofy;i=1,2, ................... ,p.

SD P
E —(G) = |y
diam -1
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3 PropertiesofSquaresumdegreedividedbydi
ameterenergy

Theorem3.1.lfeigenvaluesof@(@)C%ed/Bdﬁ N 5 >-->*, then

>
1. Y;=0and

> 2 d2+d*? ;
_r 7 =2
diam(G) ®

where®= —_—
diam(G)

i=1

Proof.(1)Sincethediagonalentriesarezerothesumofleadingdiagonalentriesof>>
2(G)iszero,,

Hence Y;=0.
i=1
(2)Thesumofsquaresoflate ntrootsofSSD(G)istggrsnumoflatentrootsof
[22(G)]?, "
>S4 35 >
Y i uijdji
i=1 =1 j=1
=0+2 (u,-j)2
i<j
F+d?
=2 I E——
=2Q@1 [
diam(G)
Theorem3.2./fco, ciandc,arethefirstthreecoefficientsofcharacteristicoolynomial
ofsﬂ(G)matrix,dt;ggn

1.co=1,

2. ¢1=0and3.

c=—0.
Proof.(i)Bydefinition,l (¢, x)=det[y — D].

Thereforecg=1.
(ii)c1=( — 1) x trace(I)= — 1x0=0.
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4
> =>.
(iii)Bydefinitionc,= |ui uy|_ (@il —Uuj uji)
1<i<j<p|uji ujj - 1<i<j<
= > ) - ==p
= U,‘,'Uﬂ'_ GU:O—G):—G)_
1<i<j<p 1<i<j=p
1
Wehavethefollowingboundsforss—D(g)j%singMcCIeIIand’sinequalities.
Theorem3.3.LetGbeagraphwithpvertices,thentheupperboundfor
>2(G)is
dia
SSD SV
E (G) <2p.
diam
Proof.Lety1=y,=-=¢,betheeigenvaluesof 2(g,),,;:,henbyUsing
Cauchy-Schwarz inequality wehave,
":p #2 ":p #l'}p #
uiVvi = U,% VI?
=1 i=1 i=1
Chooseu=1,v=-¢;-andbyTheorem3.1
" #2 " #" #
> L > " x vt Z o,
/e < 1 q1/8 =p Y,
i=1 i=1 i=1 i=1
SSD 2
) E(G) <=p20.
diam
Hence ssp v
E — (G) < 2p0.
diam
1

WepresentthefolIowinglowerboundsforE@(G)wam

Theorem3.4. LetGbeagraphwithpvertices. Ift =-det@(Ga)iang,

thenthelowerboundis SSD k! 2
(G)= 2®+p(p—1)t. 5

diam
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Proof.Bydefinitionwehave,

5 " #2 " #H #
SSD = . > . = .
ol = W = Ay Ay
=1 =1 j=1
> 5 .
= 'di" + .('b"l{'b.'l'
=1 ij

Fromthe inequalityof arthimeticandgeorq'etric means

L =LY LB,
_ =
plp=1) 4 T
Therefore Y= "
sso. 2 =L, Y. . i
= % +plp—1) i
E diam(G) i #.(p,...ij.
z' 2 n *2(p-1)
= ‘Ui +p(p—1) Y.y S
i=1 i=1
- p .Sp . _
‘ 2 p
= Urapp-1) W
i=1 i=1
2
=20+p(p — 1)t
Hence q
35D 2
E— (G)= 20+p(p—1) ™.
diam

]

Theorem 3.5. Let riand s;, 1 < i < p be positive real numbers with M,
=maxi<i=p(ri), Ma=maxi<i<p(Si),m1=mini<i<p(ri), m>=
mini<i<n(s;)thenbytheorem90of[?]
Hr r #211 #
2
2. > < 1 W3+ mymy = rs

1 1 4 mlmz M]_MZ I1

i=1 i=1 i=1

Theorem3.6.ForagraphGwithpverticeslet

| _Lgﬂand|L,prarethemaximumandminimumeigenvaluesamonga//|¢,-|JsofSSD(G )re
spectively,thenwe diam

have

v S

diam’ |pal+|wy)
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Proof.ConsideragraphGwithpverticeslet|y:|and|y,|arethemaximumandminim
umeigenvaluesamongall|y; |Jsof5D(G)respect|veIZ
Fromtheorem3.5,

" r #," #
= Fo_1 0w mgmy X
7 i i mr . i
i=1 =1 mim; MM i=1
Letr,-=1,s,-=|Z,-|,M1M2=|L,b,-|,m1m2=|t,bp|then
" # "
1
lez" L/J.ZS_ L‘/Ll J-L/’—Ll > 1|¢’|
]
=1 =1 4 |l || i=1

Fromtheorem3.1

n

#
2 2

ng . ’
PeB=4 il diam
£ =Lg)° _ E00lunllg|
diam = (l¢]+yl),
.\/

SSD SW
diam G)= |¢1|1 L/J;ﬁ ’

Theorem 3.7. Let riand s;, 1 < i < n be non negative real numbers
with
Mi=maxisi<n(ri), Ma=maxisisn(Si), mi=mini<i<n(ri), m;=mini<i<n(s;))thenby
theorem3.1of " 4
b 'n i ‘ni 2 n2
2" _ 2
rp S risi = 7, (MiMa = mimy)”.

]

Theorem3.8.ForagraphGwithpvertices,wehave
r

D p2
0 = 5p0- Jllbal =l °

diam

E

Proof.ConsideragraphGwithpverticeslet|y:|and|y,|arethemaximumandminim
umeigenvaluesamongall|y; |Jsof55D(G)respect|vedI%m
Fromtheorem3.7,

" #
~pi 2
* X, 3 »
;s <~ (MM, — mym,)?
ri i riSi =y 1Vl — M) .
i=1 i=1 =1

Page No: 7



Journal of Vibration Engineering(1004-4523) || Volume 24 Issue 7 2024 || www.jove.science

SquareSumbDegreeDividedByDiameterEnergyofGraphs 7

Letri=1,s=|i|, MiM2=|i,mimy=|,|, then

> e v #2

2
_ 3 P
N Uil =7 (ol =zl

i=1 i=1 =1
Fromtheorem3.1

D 2
PO-E 22(G) < Byl

SSD

E (G) = _ p? _ 2
o e (2 U7

Theorem3.9.letriands;, 1 <i<pbepositiverealnumbers,thenby[13]
p p

s &=
lp risi— ri si=u(p)(A—a)(B —b)

i=1 i=1 i=1
wherea,b,AandBarerealconstants,thatforeachi,1<i<p,a<a;<A
andb<b;<B.Further,u(p)=p[® J » 17384, 5

Theorem3.10.ForagraphGwithpvertices,wehave

ssp 9 5
—E—(G)= 2p® —u(p)(|¢| —{¥])°. »
diam
Proof.ConsideragraphGwithpverticeslet|y:|and|y,|arethemaximumandminim
umeigenvaIuesamongalI|t,b,-|JsofSSD(G)respectivedll_\l/j.m
Fromtheorem3.9,
p p p
> > =
In risi— ri si|=u(p)(A—a)(B —b).
i=1 i=1 i=1
Letr,=s;=|t,b;|,A=B=|411|,a=b=|l,0#,,|then

< 2

= b,
A el T g 1=~ 1wl — L.
=1

=1 i=

Fromtheorem3.1

2
P20 — E %;56) |<up)(s] — el 2
q
226)= 200 — ()|l —{¥I)2 ,

diom
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4 Squaresumdegreedividedbydiameterma-
trixanditsenergyforstandardgraphs

Theoremd.1.LetK,beacompletegraphwithpvertices,then

SS
£ (Ig) 2p*+12p” — 82p+116.
ia

Proof.ThecompIetegrathpwithp—
verticeshavetheirsquaresumdegreebydiametermatrixasfollows

0 0
0 20—1) 2(p—1)° 2(p—1)°
m2(p—1)° 0 2p-1) 2(p- 1)
p
SSD _ . . . . 1)2
diamK)= 2P~ 12 2(p- 1y 0 Z(p'— 17, -
0 0

L 2(p=1)°  2(p—1) 2(p—1)° 0
Itscharacterlstlcpolynomlalls

—(18p” —88p+118 —(—(2 2)) (b-1)_q
v SF;Jectrap+ L);[w ),( (_p (18% )48P+118) —(2p” — 4p+2)

p—1

Therefore

SSD
_ET,(K)=](18p° — 88p+118)|1+| — (2p> — 4p+2)|(p — 1)
diam

=2p°+12p* — 82p+116.

]
Theorem4.2.LetS°,p23peacrowngraphWith2pvertices,then
SSD 4p*+28p® — 172p+236
E (S,)° = :
iam 3

Proof.ThecrowngraphS® Wlt};]p -verticeshasit’ssquaresumdegreebydi-
ametermatrixasfollows
0

0 2(p-1)°>  2(p-1) 2(p-1)°

3 3 P

0 258 2o 2to3 1
3 . 3

55‘9_(50) — [ 2(p-2y’ 2(p91) 0 2(p-1)*[]

diam " H 3 3 H '
3

2(p31)*  2(p31)° 2(p-1)° 0
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Itscharacteristicpolynomialis
h , {HPorY , by
L,b __38p"—180p+238 w _ —(2p"—4p+2) =0
3 3

SpectraSSD (So) __ 38p°-180p+238 —(2p2;4p+2)
- - 3
diam °* 1 -1
Therefore
SSD ,  38p°—180p+238 —(2p°— 4p+2).
- )+ 2p—1
diam(sp) . 3 (1) 3 (2p—1)

_ 4p>+28p* _ 172p+236

Theorem4.3.LetK,x,beacocktailpartygraphwith2pvertices,then

SSD
E =7 (K ,x2)=8p>+56p° — 344p+472.
diam
Proof.ThecocktailpartygraphK,x,with2p-
verticeshasit’ssquaresumdegreebydiametermatrixasfollows

O 0
0 4p—1)° 4p—1)° 4(p—1)°
04(p—1)° 0 4p-1) 4p— 1)
px2 , M 0 4p- 1)7] .
1) 1) :
§,~§%(K )= %4(107 ' ‘ .. -
4p—1)° 4p—1) 4(p—1)* 0

Itscharacteristicpolynomialis

[ — (76p> — 360p+476)][¢) — (4p> — 8p+4)]*7'=0

SSD (76p”> — 360p+476)(4p> — 8p+4)1
Spectra = (K,x,) =
pectra diam( p2) 2p—1
Therefore
g 3SD (K x2)=+(76p> — 360p+476)-1+-4p> — 8p+4-(2p — 1)
diam P . . .
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=8p>+56p> — 344p+472.

Theorem4.4.LetK, ,beadoublestargraphwithpvertices,then
1
g 22D ) =7(272p" _ 632p+756).
diam = " 48

Proof.ThedoublestargraphK), ,withp-
verticeshasit’ssquaresumdegreebydiametermatrixasfollows

0 0 p+1  p+1  p’+1  2p° p’+1 p2+1|:|
3 3 3 3 3 3
—_— 0
3 3
2 2 p’+1 2 2
3 2
e — U 2 P 2 g4
025~ 7% 3 3 £ £
3
0— 0 0
O p+1
SS_D 2p° P+l p+l —  p’+1
i
p+1 2 2
Es—s— 3 3 3 3 3
p.p g ) I
)= “pe1 2 2 2 ) 2
(3 3 3 3 s 3 3
2 p+1 >
3 3 0 3 ﬁ
(K
h ih i

- (—(35p2—129p+162)) w— (45p°—103p+122) [Y— (—16p2)] [ — —_16](2p—3) =0.

diam
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Itscharacteristicpolynomialis
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0

—(35p°~129p+162) (45p°—103p+122) (—16p2) -1

0 1 1 1 (2p-3H
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—(35p°—129p+162) (45p°—103p+122) -16p°
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—l(z7zlo2 632p+756)
48 '
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Theoremd.5.LetF,beaFriendshipgraphwithpvertices,then

.\/

SSD
d'E (F)= 9760p* —40544p+43792+4(2p —1).
iam

Proof.TheFriendshipgraphF,with2p+1verticeshasit’ssquaresumdegreebydiamete
rmatrixasfollows

0 0
0 2(p+1) 2(p*+1) ... 2(p°+1)
Sssp- Dﬂg+n 0 4 " 4
diam(F,)= 2(p
0 +1) 4 0 - 4 .
2(p*+1) 4 .. 4 0 1@

b Itscharacteristicpolynomialis
WY(8p 4+  9760p* 4054ApFAITIL
h v i
Y—(8p—4)— 9760p2 —40544p+43792 [P+(4)]* =0

S ectraSS_D(F‘)—
P diam
vV vV
(8p—4)+ 9760p% — 40544p+43792(8p —4) — 9760p? — 40544p+43792 4
1 1 20-1
-SSD —
Therefore, B2 (Fp)=
v v
- (8p —4)+ 9760p%—40544p+43792 - 1+ - (8p—4)— 9760p% —40544p+43792 <1+ -4 (2p—
i

= 9760p? — 40544p+43792+4(2p — 1).
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