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Abstract

An L(3, 1) - labeling of a graph Gis a function f from the vertex set V (G) to the set of all positive integers
suchthat |f(x) — f(y)| =3 if d(x, y) =1 akd |f(x) — f(y)| =1 if d(x, y) =2 where for all x,y € V
(G).TheL(3,1)labelingnumberofgraphG,denotedby (G)orx ,isthesmallestpositiveintegermsuchthat

max. {f(x) :x€V (G)}=m. This paper totally involves the calculation of xof line graph of crown
graphs,duplication of all the vertices of degree two of line graph of a crown graph by an edge, duplication of all
thevertices of degree two of line graph of crown graph by a vertex and a graph obtained by connecting two
copiesofline graphofcrowngraphbyapath.

Keywords:Crowngraph,duplication,linegraph,L(3,1)labeling,» (G).
AMSSubjectClassification(2020):05C78,05C76.

1. Introduction

AnL(3, 1)labelingofgraphsisbasicallymotivatedfromthechannelassignmentproblemwhich  wasintroduced by
Hale [6].It is also used in solving the frequency assignment problem in most of the wirelessnetwork stations.
Different frequencies are assigned in such a way so that the transmitter does not interfere
withoneanother. ThisfrequencyassignmentproblemissimilartolabelinganL(3, 1)labeltoeachvertex. Throughout we use
a simple, finite, undirected graph G, with vertex set V (G) and edge set E(G). For differentgraph labeling
techniques, we use a dynamic survey of graph labeling by Gallian[1]. For various notation
andterminologywefollowGrossandYellen[5].

Definition 1. 1. For graph Gwith w, v€V (G), and for fixed positive integers j akdkwhere k < j, thefunction L
2V (G)—>Z+is called L(j, k)—labeling of Gif and only if |L(v)—L(W)|= j if vakd w
areadjacentand|L(v)—L(w)|=kifvakdwaredistancetwoapart.ItwasfirstintroducedbyGriggsand Yeh[4].

Definition1.2.LetGbeagraphwithsetofverticesV (G)andsetofedgesE (G).Letfbeafunctionf: V—
Z+, where f is L(3,1) —labeling [3] of Gif, for all u,ve V(G) ,|f(w) —f(v)| =3 if
d(u,v)lakd|f(w) —f(v)| = 1lifd(u,v) = 2.

Definition 1. 3. The line graph L(G) [7]of a graph Ghas vertices expressive edges ofG, and two vertices
arenearbyinL (G)ifand onlyif analogousedges arenearbyinG.

Definition1.4.ThecrowngraphCr,[1] isobtainedbyjoiningpendantvertices{v';,i = 0,1,2,...k— 1}
witheachconsecutive vertex {u';, i=0,1,2,...,n—1 } ofthecycle graphC,.The edgesetofcrown graphis
' =ui =0,1,2,.., k—23U{u’ ,_qup=u,_1} U{u'v'; = v,i =0,1,2,..,.k—1}.

Definition1.5.ThelinegraphofcrowngraphL (Cry,)isconstructedfromCr,.Acycleug,uy,uz,....Un—1,U
isformedusingtheedgesofCr,.Eachvertexv; isadjacenttou; and u;1,whereiisconsideredmodulok—
1. Thus,|V (L(Cry))|=2kakd |E(L(Cry,))|=3k. Throughout the article,we use same labels
forfurtherinvestigations.

Definition 1. 6. Duplication of uvertices by a new edge e=u'u’’ in a graph Ggenerates a new graph G’
suchthatNq(u)={u,u'"}akdNr(u')={u,u'}.
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Definition1.7. Duplication of vertex uby a new vertex v forms a new graph G’ such that Ng(u) =
Ng'(v),whereNg(u)isthesetofalltheverticesadjacenttouingraphG.

2. Results

Theorem?2.1. Linegraphof crowngraphisanL(3,1)labeledgraphandx (L(Cr,))= 10fork>= 3.

Proof. Define a functionf :V (G) — Z+, where G= L(Cr,), let the consecutive edges and vertices of crowngraph
Crpbe ejand u;where 0<i<k — 1 respectively of C,. Let u; and u;;; be joined with a vertex v;
toattaintheL(Cry,).Thus,V (L(Cry))={w;, v¢i = 0,1, 2,...,k — 1}. Thus, following subsequent
casesariseonapplyingL(3,1)labelingon L(Cr,):

Casel:n = 0(mod4).

k—4
0, ifx= wj, i=4k+1, k=0,1,2,...... T;
k—4
3, ifx=uy, i=4k+2, k=0,1,2,...... T;
) ) k—4
6, ifx=u, , i=4k+3, k=0,1,2,......, —
k
9, ifx=w, i=4k, k=12, ; —
4
fx)= 1§ k—4
7, ifx= v, i=4k+1, k=0,1,2,...... ;
| . _ f—4
10, ifx=v, i=4k+2, k=0,1,2,....., ;
! 4
k—4
1, ifx= v, i=4k+3, k=0,1,2,......, 4 e
k
5, ifx= v, i=4k, k=1,2,......, . —
1 4
Case2:n = 1(mod4).
Subcase2.1:n=5.
3(1-1), ifx=u, i=1,2,3,4;
4, ifx=us;
8, ifx=v1;
fx)= 10, ifx=v2;
2, ifx=vs;
1, ifx=vas;
| 7, ifx=vs.
Subcase2.2:k>5
k—5
0, ifx= wj, i=4k+1, k=0,1,2,...... T,
k—5
3, ifx=u, i=4k+2, k=0,1,2,.....,, T;
k—5
6, ifx=uy, i=4k+3, k=0,1,2,...... Z ;
k
9, ifx=u;, i=4k, k=1,2,...... o
4, ifx=u;
feo= { f o k-5
8, ifx=v, i=4k+ 1, k=0,1,2,...... ;
' ' KZs
|10,  ifx=v; i=4k+2, =012,y g
k—5
1, ifx=v, i=4k+3, k=0,1,2,.....,, —4—;
k
| 5, ifx=v, i=4k, k=1.2,...., ; _
4

17,  ifx =vn
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Case3:n= 2(mod4).
Subcase3.1:n= 6(mod12).

k-3
0, ifx=w, i=3k+1, k=01,2,....., —5
k-3
3, ifx=u, i=3k+2, k=0,1,2,....., —3—
k
6, ifx=u, i=3k, k=12,....., ; 3
foo= 3
7, ifx=v; i=3k+1, =0,1,2,... ... , T;
k-3
9, ifx=v, | i=3k+2, 0,1,2,. .. ,
| v
110, ifx=v;, i=3k, k=1,2,...... 3 T
Subcase3.2:k= 10(mod12). f
—4
0, ifx= i, i=3k+1, k=0,1,2,......, S ;
. . k—4
3, ifx=u, i=3k+2, k=0,1,2,......, — ;
k
6, ifx=u, , i=3k, I
9, ifx=uy;
k— 4
f(x)= 7, ifx=v;, i=3k+1, k=0,1,2,....., —s;
9, ifr=v,  i=3k+2, k=0,1,2,...... k=4,
k—4 3
10, ifx=v;, i=3k, k=1,2,...., T,
10, ifx=v,_y;
1, ifx=v,_1;
14, 1fx=vn
Subcase3.3:k= 2(mod12). s
0, ifx=w, i=3k+1, k=012,...., ——:
k-5
3, ifx= 1w, i=3k+2, k=0,1,2,......, _
| k-2 3
6, ifx=u, i=3k, k=12,
| i —
3
| 9, ifx=u,_1;
4, ifx=un;
ifx=u, k—t
fx)= 7, ifx=v;, i=3k+1, k=0,1,2,....., _
k—
| 9, ifx=v, i=3k+ 2, k=01,2,....., ;
| ! 3
k-5
10,  ifx=v; i=3k, k=120 =
l 10, ifx=v,_3;
2, ifx=wv,_s;
1, ifx=wv,_1;
18, 1_fx=vn
Case4:n = 3(mod 4).
Subcase4.1:k=3.
3(i— 1), ifx=u, i=1,2,3;
_ 7, ifx=v ;
feO={ 9, ifx=v ;
10, ifx=v ;
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Subcase4.2: k= 7(mod12).

Subcase4.3:k= 11(mod12).
0,

3

()}

1

O

’

IS

»

|

I
feo= { 7,

I

i

1
10,
2,
1,
18,

9,

ifx=w,
ifx=u,;
ifx=u, ;
ifx=uy;
ifx= v,

ifx=v,
i

ifx= v,

ifx=v,_3;

ifx=vn_q;
ifx=vn.

ifx=w,
ifx=u,;
ifx=u, ;
ifx=un_1;
ifx=uy;
ifx= v,

ifx=v,
i

ifx= v,
ifx=v,_3;
ifx=vp_o;

ifx=vp_1;
ifx=vn.

Subcase4.4:n= 3(mod12)andn>3.

9,

10,

ifx=u,
ifx=u;
ifx=u;,
ifx= v,

ifx=v,
i

ifx=v,

k—4
i=3k+1, k=0,1,2,.....,  ——
k—4
i=3k+2, k=0,1,2,....., T;
k—1
i=3k, k=1,.2,...., R
3
k—4
i=3k+1, k=0,12,.....,, _
k—
i=3k+2, k=0,1,2,....., ;
3
k—4
i=3k, k=12,...., -
3
k—5
i=3k+1, k=0,1,2,... ... , 3
k=5
i=3k+2, k=0,1,2,....., —
k=2
i=3k, k=12, . ——;
3
k=5
i=3k+1, k=0,12,.....,, —_—
k—
i=3k+2, k=0,1,2,....., ;
3
k=5
i=3k, k=1,.2,...., 3 5
k-3
i=3k+1, k=012 vy —;
k=3
i=3k+2, k=0,12,....., —3
i=3k k=12 ,
1= ) =1,4,.ueus b ) §
k-3
i=3k+1, k=0,12,...., _—__;
k—
i=3k+2, k=0,1,2,....., ;
K 3
i=3k k=1,2,...... —
1 , 14 '3

Thus,byalltheabovecasesitisclearthatL(3,1)labelingissatisfiedforL (Cr,)andx (L(Cr,))foreachcaseis10.

Hlustration 2.2.L(3,1)labelingofL (Crs)isshowninthefigurebelowforx= 10.
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Figurel:L(3,1)labelingofL(Crs)

Theorem 2. 3. The graph Gobtained by duplication of all the vertices of degree two of L(Cr,) by an
edgeadmitsL(3,1)labelingfork>3and (¢)=10.
Proof. The graph Gobtained byjoiningall theouter vertices v;, i=0, 1, 2, ..., n — 1lof L(Cr,)by anedgehaving the end

vertices w; and wiyq, where i is considered as modulo k — 1. Thus [V (G| = 4k |E(G)]
=6k.Defineafunctionf:V (G)—Z+suchthat:

Casel:n=0 (mod 3).

k—3
0, ifx=u i=3k+1, k=0,12,...., T
3, ifx=u, i=3k+2, k=0,1,2,....., k=3
k
6, ifx=u, i=3k, k=125 3
k—3
f= {7, ifx=w, i=3k+1, k=012, ., .
k_
| 9, ifx=, i=3k+ 2, k=012, ;
: i
3
k
10,  ifr=w, i=3k, k=12 3
1, ifx=w; i=2k +1, k=0,1,2,......k—1;
14, ifx=wi, i=2k, k=1,2,......k.

Case2:k= 1(mod3).
Subcase2.1:k= 4.

7, ifx=v1;

)= i 10, ifx=vz;

(3 G(i-1), ifx€{uy,uzusus};

1,  ifx€{vs,wy,wszwg};
4,  ifx€{vy,wy,wiWe};
8, ifx€{won—3,Wan_1}.

Subcase2.2:k>4.
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k—4
0, ifx= wj, i=3k+1, k=0,1,2,......, T;
k—4
3, ifx=w;, i=3k+2, k=0,12,......, _
| k-1 3
6, ifx=uy, i=3k, k=12,....., ;
i
3
9, ifx= uy
k—4
7, ifx=v; i=3k+1, k=0,12,......, Ti
fo)= k—4
10, ifx= v, i=3k+2, k=0,1,2,......, _—;
| _ _ k—4 3
9, ifx=v, i=3k, k=12,...., ;
i —a
3
1, ifx€{vn_1,Wan_1};
4;| l.fxe{vn:WZn—S};
| 1, ifx= w, i=2k+ 1, k=0,1,2,......k—3;
1
4,  ifx=w, i=2k, k=1,2,.k—2;
18, ifxE{WZn—Z;WZn}.
Case3:n= 2(mod 3).
Subcase3.1:n= 5.
3(—-1), ifxe{uy,uzusus};
4, ifxe{us,wz,wa};
7, ifx=v1;
_ 10, ifx=v2;
feo= 2, ifx=vs;
1, ifx€{vy,wi,w3,Wo,};
5, ifxE{WZH—S Won-3 JWZn—l};
| 8, ifx=wi, i€{vs,wzn—4,Wan—2}.
Subcase3.2:n>5.
k—5
0, ifx=w, i=3k+1, k=0,1,2,......, —3
k—5
3, ifx=w;, i=3k+2, k=0,1,2,......, ——
| 6,  ifr=u =3k, k=12
i
3
9, ifx=u,_q;
4, ifx=uy;
k—5
7, ifx= v i=3k+1, k=0,1,2,......, 3
feo)= k—5
10, ifx= v, i=3k +2, k=0,12,......, —
k-5
9, ifx= v, i=3k, k=12~
2, ifx=v,_y;
1; ifxe{vn—lrWZn};
1, ifx=w;, i=2k+1, k=0,1,2,......k—4;
4, ifx=w;, i=2k, k=1,2,......k—3;
5, ifx€{wan—5,W2n-3,W2pn-1};
18, ifx=w;, i€{vs,wan—4,Wan—2}.

Thus, byabove casesitisclearthat L(3, 1)labeling is satisfiedfor duplication of outer vertices of
L(Cry)byanedgeandxnumberfor eachcaseis10.

Theorem?2.4.ThegraphGobtainedbyduplicationofalltheverticesofdegreetwoofL (Cry,)byavertexadmitsL(3,1)labeling
withx (G)=12fork=0(mod6)andX (G)=13otherwise.
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Proof. Let Gbe a graph obtained by duplicating each of the vertices of degree two {v;,i = 0,1, 2,..., k — 1}by
a new vertex {w;, i=0, 1, 2, . .., k—1}, where wjare adjacent to wsand u;+4for i= 0,1, 2, ...,k —
1.Thus,|V(G)|=3k,|E(G)|=5k.Define afunctionf:V (G)—Z+suchthat:

Casel:k= 0(mod3).
Subcasel.1:k=3.

3@ —1), ifx=u;, i=1,2,3;
7, ifx=v1;
9, ifx=vz;
f(x)= 10, ifx=v3;

11, ifx=wzi;
12, ifx=wg;

| 13, ifx=ws.
Subcasel.2:k= 0(mod6). 3
0, ifx= i, i=3k+1, k=0,1,2,......, —
. ) k-3
3, ifx=u i=3k+2, k=0,1,2,......, _—
K 3
6, ifx=u, i=3k, k=12, ;  _
3
k-3
7, ifx= v i=3k+1, k=0,1,2,......, T;
fe)= k-3
9, ifx= v, i=3k+2, k=01,2,....., _
k
10, ifx=v, i=3k, k=1,2,......, ; _
! 3
k-2
11, ifx=w;, i=2k+1, k=01,2,....., _—
K 2
12, ifx=w;, i=2k, k=1.2,....... 3
1
Subcasel.3:k= 3(mod6).
k-3
0, ifx=wu, i=3k+1, k=0,1,2,......, —
k-3
3, ifx=u, i=3k+2, k=01,2,....., .
k 3
6, ifx=u, . i=3k, k=12,...., ; 3
k-3
7, ifx= v, i=3k+1, k=0,1,2,....., T;
. . k-3
fG= 49, ifx=v, i=3k+2, k=0,12,....., ;
I i
10, ifx=v, . i=3k, k=1,2,...., ; _
3
k-3
11, ifx= wj, i=2k+1, k=0,1,2,....., 5 T
12, ifx=w, i=2k, k=12,.., K1
2

13, ifx=w,.

Case2:k= 1(mod3).
Subcase2.1:k=4.
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(3(1_ ): ifxE{ul,uz,u3,u4};
7, ifx=v1;
10, ifx=vz;
_ 1, ifx=vs3;
f)= 4,  ifx =va
1 gV
2 4
| 13, ifx=ws.
Subcase2.2:k=1(mod6). e
0, ifx= uj, i=3k+1, k=0,1,2,....., 3
k—4
3, ifx=uy, i=3k+2, k=0,1,2,....., —_—
| _ _ k-1 3
6, ifx=u, i=3k, k=12,...., ;
i
3
9, ifx=un;
k—4
7, ifx= v, i=3k+1, k=0,1,2,....., —
k—4
f(x)= <10, ifx=v;, i=3k+2, k=0,1,2,......, S
9, ifx=v,  i=3k  k=12.., K%
! 3
1, ifx=v,_q;
4, ifx=v,;
k-3
11, ifx=w;, i=2k+1, k=0,1,2,......, R
_ _ k-1 2
| 12, ifx=w, i=2k, k=1,2,......, ;
i 5
1 13, leZWn
Subcase?2.3:k=4(mod6). .
—4
0, ifx= wj, i=3k+1, k=0,1,2,....., —
k—4
3, ifx=u, i=3k+2, k=0,1,2,......, S
| k—1
6, ifx=u i=3k, k=12,
! 3
9, ifx=uy;
k—4
7, ifx= v, i=3k+1, k=0,1,2,....., ;
fe= 1. ifx=v,  i=3k+2, k=0,1,2,....., "3‘4;
i —4
9, ifx=v, i=3k, k=12, ;
h -
3
| 1, ifx=v,_1;
4, ifx= v, k—d
11, ifx=wj, i=2k+1, k=0,1,2,..... % —
12, ifx=w, ; i=2k, k=1.2,......, ;
I 2
113, ifx =wn_1.

Case3:k= 2(mod3).
Subcase3.1:k=5(mod6).
Subsubcase3.1.1: k=5.
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(3(i—1), ifxe{uy,uzususl;
4, ifx=uy,;
7, ifx=v1;
10, ifx=v2;
_ 2, ifx=v3;
fea= 1,  ifx=vs
8, ifx=vs;
121,1' if: 915%7\/‘%1}
2 4
1 13, ifxe{ws,ws}.
Subsubcase3.1.2:k>5.
k—5
0, ifx=w, i=3k+1, k=012,....., ———
k—5
3, ifx=uy, i=3k+2, k=0,1,2,......, R
| _ _ k—2 3
6, ifx=u, i=3k, k=12,....., ;
i -3
9, ifx=uy,_q;
4, ifx=u,;
k—5
7, ifx= v, i=3k+1, k=0,1,2,......, —5
k—5
f)= 10, ifx= v, i=3k +2, k=0,1,2,... ... , T;
lo,  ipe=v, =3k, k=l2.., K5,
1
3
2, ifx=v,_y;
1, ifx=v,_1;
8, ifx=v,;
k—3
11, ifx=w;, i=2k+1, k=0,1,2,... ... , R
_ _ k—1 2
| 12, ifx=w, i=2k, k=1,2,......, ;
i 5
1 13, ifxE{Wn—l,Wn}.

Subcase3.2:k=2(mod6)
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k=5
0, ifx=wi, i=3k+1, k=0,1,2,......, 3 ;
k-5
3, ifx=u, i=3k+2, k=0,1,2,......, _
3
| k-2
6  ifr=1u i=3k, k=12,
! 3
9, ifx=u,_1;
4, ifx=uy;
k-5
7, ifx= v, i=3k+1, k=01,2,....., H
foo= 1 10, ifx=v,  i=3k+2, k=012,..... K5,
k-5 3
9, ifx=v, i=3k, k=12,...., 3
2, ifx=v,_y;
1, ifx=vn_1;
;| ifx.zvn; ] k—4
l 11, ifx= w, i=2k+1, k=0,1,2,k....., ;
12, ifx=w, ;i i=2k k=12, 2
2

1 13, ifXZWn—l.

Thus,byaboveallthecasesitisclearthatthegraphGobtainedbyduplicationofinnerverticesofdegreetwoof
L(Cry)byavertexadmitsL(3,1)labelingandx (¢)=12fork=0(mod6)and (G)=13otherwise.

Theorem?2.5.ThegraphG'obtainedbyconnectingtwocopiesofL(Cr,)forallk>3,byapathP,,,where
m=4isL(3,1)graphandx=11.

Proof. For L(Cr,)|V (L(Cry)) | = 2kand |E (L(Cry)) | = 3kand for the graph G'obtained by connectingtwo
copies of L(Crp)by a path P,, where m>=4 and first and last vertices of P, are connected to uoof
eachcopyofL (Cr,).Nameverticesof P,aspy,p2, .....bm—z0therthanfirstandlastverticesof B, . Thus,

[V(G")| = 4k+m—2and |E(G")| = 6k+m—1.WerefertothelabelingofL(Cr,) asintheorem3.1
withthesamefunctionf:V (G)—Z+.Nowdefineanewfunctionf:V(G")—Z+suchthat:

Casel: m= 0(mod3).
fx),  ifxeV(L(Crn));

m—3
5‘ ifx=p3k+1 ) k=0,1,2, ...... ) T,
fe)= m—6
8, ifx=p3k+2, k=0,1,2,......, —
m—3

111 ifx=p3 » k=12,..., _
Case2: m= 1(mod3).
Subcase2.1:m=4.
f(x), ifxeV(L(Crn));5,
FeO={ ifx=p1;
11, ifx=pa2.

Subcase 2.2:m>4.
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fx),  ifxeV(L(Crn));

. m—4
5 ifx=p3a+1 , k=0,1.2,...., ——
f(x): m—4
8, ifx=psk+2, k=0,1,2,......, —5
m—4
I 11, ifx=pak , k=12,...., —5—
Case3: m= 2(mod3).
f(x), ifxeV(L(Cry));
m-—=>5
5  ifx=p3k+1 , k=0,12,...., ——
f(x): m-—5
8, ifx=p3ks2, £k=0,1,2,.....,, —5—;
m—2
111 ifx=p3 ,» k=12,...., —5

Thus, by above all cases it is clear that the graph G’ obtained by connecting two copies of L(Cr,) for all k
=>3,byapathP,,,wherem=>4,admitsL(3,1)labelingandx =11.

3. Conclusion

Line graphofcrowngraphis constructedand L(3, 1)had been applied on it. L(3, 1)labelingon L(Cr;,) resultsinx =10.
Alltheverticesofdegreetwoareduplicatedbyanedgeandthe obtained graphadmits L(3, 1)labelingforx
=10.Alsox=12fork=0(mod6) andx=13otherwiseforthegraphobtainedby

duplicating each of its vertices of degree two by a new vertex. New graph is constructed by joining two
copiesof L(Cr,) by a path P,,which admits L(3, 1) labeling andx =11. L(3, 1) labeling can be applied on more
graph families which can be constructed using crown graph and different graph operations like corona
product,complementofagraph,shadowgraphandmanymore.
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