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1. Introduction:In 1922, Banach gave a principle to obtain the fixed point in 

thecomplete metric space. Since then, many researchers have worked on the Banach 

fixedpointtheorem(see[1-9],[11-22])andtriedtogeneralizethisprinciple.In2012,Sametet 

al. [23] introduced the new concepts of mappings called 𝛼-admissible mappings 

inmetricspace.Recently,in2013Farhanetal.[2]gavenewcontractionsusing𝛼-

admissiblemapping in metricspaces. 

In this paper, we shall generalize Farhan’set al. [2] contractions and give fixed 

pointtheoremsfor suchcontractions. 

2. Preliminaries: To proveourmainresultswe needsomebasic 

definitionsfromliteratureasfollows: 

Definition2.1.[10]Let𝑋beaset.Arectangularmetricspace(RMS)isanorderedpair(𝑋,𝑑) 

where𝑑isafunction𝑑∶𝑋×𝑋→ℝsuchthat 
 

(1)(𝑥,𝑦)≥0, 

(2)(𝑥,𝑦)=0iff𝑥=𝑦, 

(3)(𝑥,𝑦)=𝑑(𝑦,𝑥), 

(4)(𝑥,𝑦)≤𝑑(𝑥,𝑢)+𝑑(𝑢,𝑣)+𝑑(𝑣,𝑦). 

 
Forall𝑥,𝑦,𝑢,𝑣∈. 

 
Definition2.2.[10]Asequence{𝑥n}inRMS(𝑋,𝑑)issaidtoconvergeifthereisapoint𝑥∈ 

𝑋andforevery∈>0thereexists𝑁∈ℕsuchthat𝑑(𝑥n,𝑥)<∈forevery𝑛>𝑁. 
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Definition 2.3. [10] A sequence {𝑥n}in a RMS (𝑋, 𝑑)is Cauchy if for every∈ > 

0thereexists𝑁∈ℕsuchthat(𝑥n,𝑥m)<∈forevery𝑛,𝑚>𝑁. 

Definition2.4.[10]RMS(𝑋,𝑑)issaid to becomplete ifeveryCauchysequence isconvergent. 
 

Definition 2.5. [23] Let 𝑓: 𝑋→ 𝑋and 𝛼: 𝑋× 𝑋 → [0, ∞). We say that 𝑓is an𝛼 

−admissiblemappingif 

(𝑥,𝑦)≥1implies𝛼(𝑓𝑥,𝑓𝑦)≥1,𝑥,𝑦∈𝑋. 

3. MainResults: 

Theorem 3.1. Let (𝑋, 𝑑) be a complete RMS and 𝑇: 𝑋→ 𝑋be an𝛼 − admissible 

mapping.Assume that there exists a function 𝛽: [0, ∞) → [0, 1] such that, for any bounded 

sequence {𝑡n}ofpositivereals,(𝑡n)→1implies 𝑡n→0and 

(𝑑(𝑇𝑥,𝑇𝑦)+ 𝑙)α(x,Tx)α(y,Ty)≤ 𝛽(𝑀(𝑥,𝑦))𝑀(𝑥,𝑦)+ 𝑙,∀𝑥,𝑦∈𝑋and𝑙≥1. (3.1) 
 

Where𝑀(𝑥,𝑦)=max{𝑑(𝑥,𝑦),𝑑(𝑥,𝑇𝑥),𝑑(𝑦,𝑇𝑦),
d(x,Tx).d(Ty,y)

, 
d(x,Tx)(1+d(Ty,y))

} 
d(x,y) 1+d(x,y) 

 

Supposethatif𝑇iscontinuousand 
 

Ifthereexists𝑥0∈𝑋suchthat(𝑥0,𝑇𝑥0)≥1,then𝑇hasafixedpoint. 

Proof:Let𝑥0∈𝑋suchthat(𝑥0,𝑇𝑥0)≥1.Constructasequence{𝑥n}in𝑋as𝑥n+1=𝑇𝑥n, 

∀𝑛∈𝑁. 

If𝑥n+1=𝑥n,forsome𝑛∈𝑁,then𝑇𝑥n=𝑥nandwearedone.So,wesuppos

ethat(𝑥n,𝑥n+1)>0,∀𝑛∈𝑁. 

Since𝑇is𝛼−admissible,thereexists𝑥0∈𝑋suchthat(𝑥0,𝑇𝑥0)≥1  whichimplies 

(𝑥0,𝑥1)≥1. 

Similarly,wecansaythat(𝑥1,𝑥2)=𝛼(𝑇𝑥0,𝑇2𝑥0)≥1. 

Bycontinuingthisprocess,weget 

(𝑥n,𝑥n+1)≥1,∀𝑛∈𝑁. (3.2) 

Byusingequation(3.2),wehave 

𝑑(𝑥n,𝑥n+1)+𝑙=𝑑(𝑇𝑥n–1,𝑇𝑥n)+𝑙≤(𝑑(𝑇𝑥n–1,𝑇𝑥n)+𝑙)α(xn—1,Txn—

1)α(xn,Txn).Nowusingequation(3.1),weget 

𝑑(𝑥n,𝑥n+1)+ 𝑙≤ 𝛽(𝑀(𝑥n–1,𝑥n))𝑀(𝑥n–1,𝑥n)+ 𝑙, (3.3) 

(𝑥n–1 ,𝑥n )=max{𝑑(𝑥n–1 ,𝑥n ),(𝑥n–1 ,𝑇𝑥n–1 ),(𝑥n ,𝑇𝑥n ),
d(xn—1,Txn—1).d(Txn,xn)

,
 

d(xn—1,xn) 

d(xn—1,Txn—1)(1+d(Txn,xn)) 

1+d(xn—1,xn) 
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=max{(𝑥n–1, 𝑥n),𝑑(𝑥n–1, 

𝑥n),𝑑(𝑥n,𝑥n+1)},Assumethatifpossible𝑑(𝑥n,𝑥n+1)>𝑑(𝑥n–1,𝑥n). 

Then, (𝑥n–1, 𝑥n) =𝑑(𝑥n, 

𝑥n+1).Usingthisinequation(3.3),weget 

(𝑥n,𝑥n+1)<𝛽(𝑑(𝑥n,𝑥n+1))𝑑(𝑥n,𝑥n+1) (3.4) 
 

⇒(𝑥n,𝑥n+1)<𝑑(𝑥n,𝑥n+1),whichisacontradiction.So 

(𝑥n,𝑥n+1)≤𝑑(𝑥n–1,𝑥n),∀𝑛. 

Itfollowsthatthesequence{(𝑥n,𝑥n+1)}isamonotonicallydecreasingsequenceofpositive 

realnumbers.So,itisconvergentandsupposethatlim 
n→∞ 

(𝑥n,𝑥n+1)=𝑑.Clearly,𝑑≥0. 

 

Claim:𝑑=0. 

 
Equation(3.4)impliesthat 

 

d(xn,xn+1)

d(xn—1,xn) 
≤ (𝑑(𝑥n–1 ,𝑥n )≤1, 

 

Whichimpliesthatlim 
n→∞ 

(𝑑(𝑥n–1,𝑥n) =1. 

 

Usingthepropertyofthefunction𝛽,weconcludethat 
 

lim 
n→∞ 

(𝑥n,𝑥n+1)=0. (3.5) 
 

Inthesimilarway,wecanprovethat 
 

lim 
n→∞ 

(𝑥n,𝑥n+2)=0. (3.6) 
 

Now,wewillshowthat{𝑥n}isaCauchysequence.Suppose,tothecontrarythat{𝑥n}isnotaCauchy 

sequence. Then there exists ∈ > 0 and sequences (𝑘) and 𝑛(𝑘) such that for 

allpositiveintegers 𝑘,wehave 

𝑛(𝑘)>𝑚(𝑘)>𝑘,𝑑(𝑥n(k),𝑥m(k))≥∈and𝑑(𝑥n(k),𝑥m(k)–1)<∈. 

 
Bythetriangleinequality,wehave 

 
∈≤𝑑(𝑥n(k),𝑥m(k))≤𝑑(𝑥n(k),𝑥m(k)–1)+ 𝑑(𝑥m(k)–1,𝑥m(k)+1)+𝑑(𝑥m(k)–1,𝑥m(k)) 

 
<∈ +𝑑(𝑥m(k)–1,𝑥m(k)+1)+𝑑(𝑥m(k)–1,𝑥m(k)), 
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n(k)–1 ()

 )mk–1 

forall𝑘∈ℕ. 

 
Takingthelimitas𝑘→+∞intheaboveinequalityandusingequations(3.5)and(3.6),weget 

lim 
k→+∞ 

(𝑥n(k),𝑥m(k))=∈. (3.7) 
 

Again,bytriangleinequality,wehave 
 

𝑑(𝑥n(k),𝑥m(k))−𝑑(𝑥m(k)–1,𝑥m(k))−𝑑(𝑥n(k)–1,𝑥n(k))≤ 𝑑(𝑥n(k)–1,𝑥m(k)–1) 

 
𝑑(𝑥n(k)–1,𝑥m(k)–1)≤𝑑(𝑥m(k),𝑥m(k)–1)+  𝑑(𝑥n(k),𝑥m(k))+  𝑑(𝑥n(k)–1,𝑥n(k)). 

 
Takingthelimitas𝑘→+∞,togetherwith(3.5)-(3.7),wededucethat 

 

lim 
k→+∞ 

(𝑥n(k)–1,𝑥m(k)–1)=∈. (3.8) 
 

Fromequations(3.1),(3.2),(3.6)and(3.8),weget 
 

𝑑(𝑥n(k),𝑥m(k))+𝑙≤ (𝑑(𝑥n(k),𝑥m(k))+ 𝑙)α(xn(k)—1,Txn(k)—1)α(xm(k)—1,Txm(k)—1) , 

 

=(𝑑(𝑇𝑥 ,𝑇𝑥 )+𝑙
α(xn(k)—1,Txn(k)—1)α(xm(k)—1,Txm(k)—1) 

 
≤  (𝑀(𝑥n(k)–1,𝑥m(k)–1)𝑀(𝑥n(k)–1,𝑥m(k)–1)+ 𝑙 (3.9) 

 
𝑀(𝑥n(k)–1,𝑥m(k)–1) =    max{𝑑(𝑥n(k)–1,𝑥m(k)–1),𝑑(𝑥n(k)–1,𝑥n(k)),𝑑(𝑥m(k)–1,𝑥m(k)), 

d(xn(k)—1,Txn(k)—1).d(Txm(k)—1,xm(k)—1)
,  

d(xn(k)—1,Txn(k)—1)(1+d(Txm(k)—1,xm(k)—1)) 

d(xn(k)—1,xm(k)—1) 1+d(xn(k)—1,xm(k)—1) 

 

=  max{(𝑥n(k)–1,𝑥m(k)–1),𝑑(𝑥n(k)–1,𝑥n(k)),𝑑(𝑥m(k)–1,𝑥m(k)), 

d(xn(k)—1,xn(k)).d(xm(k)—1,xm(k))
,   

d(xn(k),xn(k)—1)(1+d(xm(k)—1,xm(k)))
}. 

d(xn(k)—1,xm(k)—1) 1+d(xn(k)—1,xm(k)—1) 
 

Taking𝑘→∞,wehave 
 

(𝑥n(k)–1, 𝑥m(k)–1)=max{∈, 0, 0, 0, 0 

}.So,equation(3.9)impliesthat 

𝑑(𝑥n(k)+1,𝑥m(k)+1)≤𝛽(𝑀(𝑥n(k),𝑥m(k))𝑀(𝑥n(k),𝑥m(k))≤1,Letting

𝑘→∞,weget 
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lim(𝑑(𝑥n(k),𝑥m(k))=1. 
k→∞ 

 

Byusingdefinitionof𝛽function,weget 
 

⇒lim𝑑(𝑥n(k), 𝑥m(k))=0<∈,whichisacontradiction. 
k→∞ 

 
Hence,{𝑥n}isaCauchysequence. 

 
Since(𝑋,𝑑)isacompletespace,so{𝑥n}isconvergentandassumethat𝑥n→𝑥as𝑛→∞. 

 
Since𝑇iscontinuous,thenwehave 

 

𝑇𝑥=lim 
n→∞ 

𝑇𝑥n=  lim 
n→∞ 

𝑥n+1=𝑥. 

 

So,𝑥isafixedpointof𝑇. 

 
Theorem3.2.AssumethatallthehypothesisofTheorem3.1hold.Addingthefollowingcondition: 

If𝑥=𝑇𝑥,then(𝑥,𝑇𝑥)≥1. 

 
Weobtaintheuniquenessoffixedpoint. 

 
Proof:Let𝑧and𝑧∗betwodistinctfixedpointof𝑇inthesettingofTheorem3.1andabovedefinedconditionh

olds,then 

(𝑧,𝑇𝑧)≥1and𝛼(𝑧∗,𝑇𝑧∗)≥1. 
 

So,𝑑(𝑇𝑧,𝑇𝑧∗)+𝑙≤ (𝑑(𝑇𝑧,𝑇𝑧∗)+ 𝑙)α(z,Tz)α(z
∗,Tz∗) 

 
≤  𝛽(𝑀(𝑧,𝑧∗))𝑀(𝑧,𝑧∗)+𝑙. (3.10) 

 
Where𝑀(𝑧,𝑧∗)=  max{𝑑(𝑧,𝑧∗),𝑑(𝑇𝑧,𝑧),𝑑(𝑇𝑧∗,𝑧),,

d(z,Tz).d(Tz∗,z∗)
,  

d(z,Tz)(1+d(Tz∗,z∗))
 

d(z,z∗) 
1+d(z,z∗) 

}
 

=𝑑(𝑧,𝑧∗). 

 
So,equation(3.10)implies 

 
𝑑(𝑧,𝑧∗)=  𝑑(𝑇𝑧,𝑇𝑧∗)≤  𝛽(𝑑(𝑧,𝑧∗))𝑑(𝑧,𝑧∗) 

 
⇒(𝑑(𝑧,𝑧∗))=1 

 
⇒(𝑧,𝑧∗)=0⇒𝑧=𝑧∗. 
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Corollary3.3.(Farhanetal.[2])Let(𝑋,𝑑)beacompleteRMSand𝑇∶𝑋→𝑋bean 

𝛼−admissiblemapping.Assumethatthereexistsafunction𝛽:[0,∞)→[0,1]suchthat,foranyboundedse

quence{𝑡n}ofpositivereals,(𝑡n)→1implies𝑡n→0and 

(𝑑(𝑇𝑥,𝑇𝑦)+𝑙)α(x,Tx)α(y,Ty)≤  𝛽(𝑑(𝑥,𝑦))𝑑(𝑥,𝑦)+𝑙 

 
forall𝑥,𝑦∈𝑋where𝑙≥1.Supposethat if𝑇is continuousand thereexists𝑥0∈𝑋suchthat 

(𝑥0,𝑇𝑥0)≥1,then𝑓hasafixedpoint. 
 

Proof:Taking(𝑥,𝑦)=𝑑(𝑥,𝑦)inTheorem3.1,onecangettheproof. 
 

Corollary3.4.(Farhanetal.[2])AssumethatallthehypothesesofCorollary3.3hold.Addingthe 

followingcondition: 

(a)If𝑥=𝑇𝑥,then(𝑥,𝑇𝑥)≥1, 

 
weobtaintheuniquenessofthefixedpointof𝑇.Proof:T
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