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1. Introduction:In 1922, Banach gave a principle to obtain the fixed point in
thecomplete metric space. Since then, many researchers have worked on the Banach
fixedpointtheorem(see[1-9],[ 1 1-22])andtriedtogeneralizethisprinciple.In2012,Sametet
al. [23] introduced the new concepts of mappings called a-admissible mappings
inmetricspace.Recently,in2013Farhanetal.[2]gavenewcontractionsusinga-
admissiblemapping in metricspaces.

In this paper, we shall generalize Farhan’set al. [2] contractions and give fixed
pointtheoremsfor suchcontractions.

2. Preliminaries: To proveourmainresultswe needsomebasic
definitionsfromliteratureasfollows:

Definition2.1.[10]LetXbeaset. Arectangularmetricspace(RMS)isanorderedpair(X,d)

wheredisafunctiond: X X X— Rsuchthat

(D(xy)=0,

(2)(x,y)=0iftx=y,

3 xy)=d(y.x),

@ (e y)Sd(xw)+duv)+d(v,y).

Forallx,y,u,ve.

Definition2.2.[10]Asequence{x,}inRMS (X,d)issaidtoconvergeifthereisapointx€
Xandforevery€>0thereexistsNE€Nsuchthatd (xn,x)<Eforeveryn>N.
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Definition 2.3. [10] A sequence {x,}in a RMS (X, d)is Cauchy if for everye >
Othereexists N€Nsuchthat(x,,x,,) <E€foreveryn,m>N.

Definition2.4.[ 10]RMS(X,d)issaid to becomplete ifeveryCauchysequence isconvergent.

Definition 2.5. [23] Let f: X— Xand a: XX X — [0, o). We say that fis ana
—admissiblemappingif
(x,y)=limpliesa(fx,fy)=1,x,yEX.

3. MainResults:

Theorem 3.1. Let (X, d) be a complete RMS and T: X— Xbe ana — admissible
mapping.Assume that there exists a function f: [0, o) — [0, 1] such that, for any bounded

sequence {t,}ofpositivereals,(t,,)—limplies t,—~0and
d(Tx,Ty)+ D™ ™< B(M(x,y))M(x,y)+ LLVx,yEXandl>1. (3.1)

WhereM (x,y)=max{d (x,y),d (xTx),d(y,Ty), * P10 d&TI0+Myy),y
d(xy) 1+d(xy)

SupposethatifTiscontinuousand

IfthereexistsxgE€Xsuchthat(x,Txy)=1,thenThasafixedpoint.
Proof:Letxg€Xsuchthat(xg,Txg)=1.Constructasequence{x, }inXasx, 1 =Tx,
VneN.

Ifx, 4 1=x,,forsomen€N,thenTx,=x,andwearedone.So,wesuppos
ethat(x,,xp4+1)>0,VneN.
SinceTisa—admissible,thereexistsxo€Xsuchthat(xo,Txo)=1 whichimplies
(x0,x1)=1.

Similarly,wecansaythat(x1,%,)=a(Tx,T2x¢)=1.
Bycontinuingthisprocess,weget

(xpxn+1)=1,VNEN. (3.2)
Byusingequation(3.2),wehave

d(xpxns1) Hl=d(Txn_1,Txy) HIS(A(Txp_q,Toxy) 1) aGn—1Txn—

Ve Txn) Nowusingequation(3.1),weget

d(xn,Xn+1) + I< LM (Xn-1,%0) )M (Xn-1,%0) + 1, (3.3)

d(xp—1,Txp—1).d(Txpxn)
(xn—l »Xn )=max{d(xn—1 »Xn )r(xn—l 'Txn—l )'(xn 'Txn )' ’ il(xn ix ) . ’
n—1,4n

Q@nflﬂnfll(m(ﬂm_xull}
14+d(Xn—1,Xn)
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=max{(xn—1' xn)ld(xn—ll
Xn),d (Xn,Xn41) },Assumethatifpossibled (xp,Xn41)>d (Xn-1,%n)-
Thena (xn—ll xn) :d(xn'

Xn+1)-Usingthisinequation(3.3),weget

(%n,2n+1) <B(d (Xn,xn0+1))d (%0, Xn+1) 3.4)
= (XpXn+1) <d(XpXn+1),Whichisacontradiction.So

(XnXn41) Sd (Xp-1,Xn), V1.
Itfollowsthatthesequence{ (x,,x,+1) }isamonotonicallydecreasingsequenceofpositive

realnumbers.So,itisconvergentandsupposethatlim (xn,Xn41)=d.Clearly,d=>0.

n—
Claim:d=0.
Equation(3.4)impliesthat

d(Xn.Xn+1)

d(xn—1,%n) = (d(xn—1 »Xn )S]_,

Whichimpliesthatlim  (d(xn1,x0) =1.
n—oo

Usingthepropertyofthefunctionf,weconcludethat

lim (x,,x,4+1)=0. (3.5)

n—oo

Inthesimilarway,wecanprovethat

lim (x,,xp42)=0. (3.6)

n—oo

Now,wewillshowthat{x , }isaCauchysequence.Suppose,tothecontrarythat{x, }isnotaCauchy

sequence. Then there exists € > 0 and sequences (k) and n(k) such that for

allpositiveintegers k,wehave

n(k)>m(k)>k,d(%nw),Xma)) =E€andd (Xn),Xmx)-1) <E.
Bythetriangleinequality,wehave

E€<d (X1 Xm00)) =4 (Xn 1 Xm)-1) T A (Xm10)-1¥m@0+1) T4 (Xm0)-1Xm(0))

<€ +d(Xm)-1 Xm0 +1) T4 (Xm0)-1Xm®))»

3
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forallkeN.

Takingthelimitask—+oointheaboveinequalityandusingequations(3.5)and(3.6),weget

kETm (Xn@0,Xm) =€. (3.7)
Again,bytriangleinequality,wehave

d(n k) Xm) —A (Xm0 -1Xmk)) —4 (n)-1Xn 1)) < d(Xn@0)-1.Xm)-1)

A (Xn(10)-1Xm0)-1) SA Xm0 Xm0)-1) T dXn@)Xm0) T A(Xngo-1Xn00))-
Takingthelimitask—+oo,togetherwith(3.5)-(3.7),wededucethat

kl—i>r41-]oo (Xn@o-1,Xm)-1) =E. (3-8)
Fromequations(3.1),(3.2),(3.6)and(3.8),weget

A (Xn (0 Xm0) = (d(Xn ) Xmae) + D Cnto—1Tat -0 Cmag—1Tmag 1)

=d(Tx ngo-1.T* O )+la(xn(k)—llTXn(k)—l)a(xm(k)—llTXm(k)—l)

< (M(Xn@0)-1Xm0)-1)M (Xn0-1Xmao)-1) T (3.9)
M (xp(10-1Xm@k)-1) =  Max{d (X x)-1,Xmk)-1)4 (Xnk)-1%n ))& Xm0)-1Xm(K))»

dEnao—1TXna0—1)-d(TXpa0 1 X¥mag—1)  dEnag—1.TXnao— 1) A+d(Txp a9 1.Xma0-—1)) }
’ 14+d (Xp (k) —1Xm (k) —1) ’

d(Xn (k) —1Xm(k)—1)

= max{(Xnk)-1Xm)-1)4 (Xn)-1%n 1)) 4 (Xm)-1Xm(K))»

dEnao—1Xna)- dEnay—1Xma)  dEnaoXnao—1) A+d&nan—1.Xmao))
d(Xp () —1%Xmk)—1) ’ 1+d(Xp (1) — 1 Xm(l)—1)

Takingk—oo,wehave

(%n@9-1, Xmao-1)=max{€, 0,0, 0, 0
}.So,equation(3.9)impliesthat

A (Xn(10+1 Xm0 +1) =B M (X 1) Xm10) M (X010 Xm10) =1, Letting

k—oo,weget
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klim(d(xn<k):xm(k))=1-

Byusingdefinitionoffunction,weget

=1limd (i), Xm(k)) =0<€,whichisacontradiction.
k—>oo

Hence,{x,}isaCauchysequence.
Since(X,d)isacompletespace,so{x, }isconvergentandassumethatx,—xasn—oco.
SinceTiscontinuous,thenwehave

Tx=lim Tx,= lim x,.;=x.

n—oo n—oo

So,xisafixedpointofT.

Theorem3.2.Assumethatallthehypothesisof Theorem3.1hold. Addingthefollowingcondition:
Ifx=Tx,then(x,Tx)>1.

Weobtaintheuniquenessoffixedpoint.

Proof:Letzandz*betwodistinctfixedpointofTinthesettingof Theorem3.1andabovedefinedconditionh

olds,then
(z,Tz)=1landa(z*Tz*)=>1.
S0,d(TzTz*)+1< (d(TzTz*)+ 1)a@TaE"T2)

< BM(z,z))M(z,z7)+L. (3.10)

WhereM (z,z*)= max{d(z,z*),d(TZ,Z),d(TZ*,Z),,d(Z'TZ)'d(TZ*'Z*), AT A+d(TZ20)

d(zz") 1+d(z,2%) 3

=d(z,2).
So,equation(3.10)implies
d(z2)= d(TzTz?)< B(d(z2))d(z,2°)
=(d(z,2))=1

=(z,2)=0=>z=z*
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Corollary3.3.(Farhanetal.[2])Let(X,d)beacompleteRMSandT: X — Xbean
a—admissiblemapping. Assumethatthereexistsafunctionf:[0,00)—[0,1]suchthat,foranyboundedse

quence{t,}ofpositivereals, (t,) = 1limpliest,—0and
(d(Tx,Ty)+1)«x™0em< B(d(x,y))d(x,y)+1

forallx,y€Xwherel>1.Supposethat ifT'is continuousand thereexistsxo€Xsuchthat

(x0,Txp)=1,thenfhasafixedpoint.
Proof:Taking(x,y)=d(x,y)inTheorem3.1,onecangettheproof.

Corollary3.4.(Farhanetal.[2]) AssumethatallthehypothesesofCorollary3.3hold. Addingthe

followingcondition:

(a)lfx=Tx,then(x,Tx)>1,
weobtaintheuniquenessofthefixedpointofT.Proof: T
aking(x,y)=d(x,y)inCorollary3.3.References:
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