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Abstract:

Inthispaperweintroducethenotionoflg*—closedsets,Ig*-
opensetsinfuzzyidealtopologicalspaceandstudiedsomeofitsbasicpropertiesandcharacterizati
ons.

Itshowsthisclassliesbetweenfuzzyclosedsetsandfuzzyg—closedsets.

KeywordsandPhrases: /g *—closedsets, [g*-open.

1. Introduction

After the introduction of fuzzy sets by Zadeh [18] in 1965 and fuzzy
topologybyChang [2]in1968, severalresearches were conducted on the
generalization ofthe notions of fuzzy setsandfuzzytopology. The hybridization of
fuzzy topologyand fuzzy ideal theory was initiated by Mahmoud [6] and Sarkar [12]
independentlyin 1997. They [6, 12] introduced the concept of fuzzyideal topological
spaces as anextensionoffuzzytopologicalspacesandidealtopologicalspaces.

Anonemptycollectionoffuzzy sets I of a set X satisfying theconditions:

(1) ifA€l andB< A, thenB€&I(heredity),

(i1) if A€l and B€E I then AUBEI(finite additivity)
iscalledafuzzy ideal on X. The triplex (X, 1, I) denotes a fuzzy
idealtopologicalspacewithafuzzyideallandfuzzytopologyt[12].

Thelocal function for a fuzzy set A of X with respect to T and Idenoted by
A" (1]) (brieflyA")inafuzzy ideal topological space (X, t,I) isthe union of all
fuzzy points xp such that if U is a Q-neighbourhood of xpgand E € I then for
at least one pointy € X for which U(y) + A(y) —1 >E(y) [12]. The *-
closureoperator ofafuzzysetA denoted by CI'(A) in (X,t,I)defined as CI'(A) = A
UA". In (X, 7, I)the collection t* (I) is anextensionoffuzzy topological space
than 1 via fuzzy ideal which isconstructed by considering the class B = {U—E:U €

T, E€ I} as a base[6,12].
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Recently the concepts of fuzzysemi-I-open sets [4], fuzzya-I-open sets[16],
fuzzy vy-lI-open sets [3], fuzzy pre-lI-open sets [8] and fuzzy 6-I-open sets
[17]havebeen introduced and studied in fuzzy ideal topological spaces. In
thepresentpaperweintroduceand study the concept of fuzzy Ig+-closed sets
infuzzyidealtopologicalspaceswhichsimultaneouslygeneralizestheconceptoflg+
-closedsets[11].

2. Preliminaries

LetXbeanonemptyset. A family t of fuzzy sets of X is calleda fuzzy
topology [2]on X if the null fuzzy set
Oandthewholefuzzysetl belongstotandrisclosedwithrespecttoanyunionandfiniteinters
ection.Iftisa fuzzy topology on X, then the pair (X, 1) is called a fuzzy
topologicalspace.Themembersoft are called fuzzy open sets of X and
theircomplementsarecalledfuzzy closed sets. The closure of a fuzzy set A of
Xdenoted by CI(A), is the intersection of all fuzzy closed sets which contains A.
Theinterior [2] ofafuzzysetAof X denoted by Int(A) is the union of all
fuzzysubsetscontainedin A. A fuzzy set A of a fuzzy topological space (X, T)is
calledfuzzysemi-
openifthereexistsafuzzyopensetUinXsuchthatUSA<CI(U)[1].Afuzzy set A in
(X, 1) is said to be quasi-coincident with a fuzzy setB, denoted by AqB,
if there exists a point x € X such that A(x) + B(x) > 1[4]. A fuzzy set Vin
(X,1)is called a Q-neighbourhood of a fuzzypoint xp if there exists a
fuzzy open set U of X such that xgqU <V[4].

Definition 2.1: A fuzzy set A of a fuzzy topological space (X, 1) is called
fuzzygeneralized closed written as fuzzy g-closed if CI1(A) < O whenever A < O and
O isfuzzyopen[14].

Definition 2.2: A fuzzy set A of fuzzy ideal topological space (X, 1,I) is said to
befuzzy*-closed(resp.fuzzy*-denseinitself)ifA < A(resp. A<A)[12].

Definition 2.3: Afuzzy set A of a fuzzy ideal topological space (X, t, I) iscalled
fuzzy Ig-closed if A" < U, whenever A<Uand U is fuzzy open in X[13].

Lemma2.1:A<B& |[(Aq(1—B)),foreverypairof fuzzy sets A and BofX[9].
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3. Fuzzylg*-closedsets

Definition 3.1: A fuzzy set A of a fuzzy ideal topological space (X, t, I)
iscalledfuzzylg*-closedifA "<U,wheneverA<UandUisfuzzyg-openinX.

Remark 3.1: Every fuzzy *-closed set of a fuzzy ideal topological space (X, T,
D)isfuzzylg*-closedandeveryfuzzylg*-closedisfuzzylg-
closedsetbuttheconversemaynotbetrue.
Remark 3.2: In a fuzzy ideal topological space (X,t,I), I is fuzzy Ig*-closed
foreveryA€l.
Theorem 3.1: Let (X,1, [)be a fuzzy ideal topological space. ThenA" isfuzzylg*-
closedforeveryfuzzysetAofX.
Proof: LetAbea fuzzysetof XandUbeanyfuzzyg-opensetofXsuchthatA*<
U. Since (A") '<A" it follows that (A") '<U. Hence A" is fuzzy Ig*-
closed. Theorem3.2:Let(X,t,])beafuzzyidealtopologicalspaceand Abeafuzzylg*-
closedandfuzzyg-opensetinX. ThenAisfuzzy*-closed.
Proof: Since A is fuzzy g-open and fuzzy Ig*-closed and A < A. It follows
thatA <A because A is fuzzy Ig*-closed. Hence C1'(A) = AUA'< A and A is fuzzy
*-closed.
Theorem3.3:Let(X,t,])beafuzzyidealtopologicalspaceand Abeafuzzysetof
X. Thenthefollowingareequivalent:

(1) Aisfuzzylg*-closed.

(ii) CI'(A)<UwheneverA"<UandUisfuzzyg-openinX.

(iii) l(AgF)= [(CI"(A)qF)foreveryfuzzyclosedsetFofX.
(iv) ((AqF)= [(A"qF)foreveryfuzzyclosedsetFofX.

Proof: (i)=(ii). Let A be a fuzzy Ig*-closed set in X. Let A'< U where U is
fuzzyg-open set in X. ThenA'< U. Hence CI'(A) = AUA'< U. Which implies
thatCl'(A)<U.

(i))=>(i). Let A be a fuzzy set of X. Byhypothesis C1'(A) < U. Which implies
thatA”<U.HenceAisfuzzy Ig*-closed.
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(ii) = (iii). LetFbeafuzzyclosedsetofXand [(AqF). Then1 —FisfuzzyopeninXandbyLem
ma2.1,A <1—F.Therefore,C1(A) <1-F,becauseAisfuzzylg*-
closed. HencebyLemma?.1, [(C1"(A)qF).

(iii) =(ii).LetUbeafuzzylg*-opensetofXsuchthat A" <U.ThenbyLemma2.1,
—|(Aq(1—U)) and 1—U is fuzzy closed in X. Therefore by hypothesis
I(C1*(A)q(1—U)).Hence,CI'(A)<U.

(i)=(iv).LetFbeafuzzyg-
closedsetinXsuchthaﬂ(AqF ). ThenA<1—Fwherel—Fisfuzzyg-open.Therefore
by(i)A"<1—F.Hence [(A'qF).

(iv)=(i).LetUbeafuzzyclosedsetinXsuchthatA <U.ThenbyLemma2.1,
1(Aq(1-0))
and1 —UisfuzzyclosedinX. Thereforebyhypothesis [(A“q(1—U)).HenceA "<UandAisfuzzyl

g*-closedsetinX.

Theorem3.4:Let(X,t,])beafuzzyidealtopologicalspaceand Abeafuzzylg*-
closedset. ThenxqCl'(A)=Cl(x)qAforanyfuzzypointxofX.

Proof:LetxqC1 (A). If [(CI(x)gA). ThenbyLemma2.1,A<(1—CI(x)). And
sobyTheorem3.3(ii),C1 (A)<(1—CI(x))because(1—Cl(x))isfuzzyg-opensetin
X.WhichimpliesthatCl"(A)<(1—x).Henceby Theorem3.3(ii), (xqCl"(A)),whichisacontra

diction.

Theorem3.5:Let(X, 1, 1) beafuzzyidealtopologicalspaceandAbefuzzy
*-denseinitselffuzzylg*-closedsetofX. ThenAisfuzzyg-closed.

Proof: Let U be a fuzzy open set of X such that A < U. Since A is fuzzy Ig*-
closed,byTheorem3.3(ii),Cl (A)<U.Therefore,CI(A)<U,becauseAisfuzzyx*-

denseinitself.HenceAisfuzzyg-closed.

Theorem3.6:Let(X,t,])beafuzzyidealtopologicalspacewherel={0}and Abeafuzzyseto
fX.ThenAisfuzzylg*-closedifandonlyifAisfuzzyg-closed.
Proof:Sincel={0},A"=CI(A)foreachsubsetAofX.Nowtheresultcanbeeasilyproved.
Theorem3.7:Let(X,t,])beafuzzyidealtopologicalspaceandA,Barefuzzylg*-
closedsetsofX.ThenAUBisfuzzy Ig*-closed.
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Proof:LetUbeafuzzyg-opensetofXsuchthatAUB<U.ThenA<UandB<U
.ThereforeA”<UandB" <Ubecause AandBarefuzzylg*-
closedsetsofX.Hence(AUB) <UandAUBisfuzzylg*-closed.

Remark3.3:The intersection of two fuzzy Ig*-closed setsin
afuzzyidealtopologicalspace(X,t,])maynotbefuzzylg*-closed.
Example3.1:LetX={a,b}and A,Bbetwo fuzzysets defined as follows:

A(a)=0.9 ,  A(b)=0.7

B(a)=0.8 , B(b)=0.7

U(a)=0.3 , U(b)=0.4
Lett={0,U, 1} and 1={0}. Then A and B are fuzzylg*-closedsetsin(X,
T, D) butANBisnotfuzzylg*-closed.

Theorem 3.8: Let (X,1,]) be a fuzzy ideal topological space and A, B are
fuzzysetsofXsuchthat A<B<CI'(A).IfAisfuzzylg*-closedsetinX,thenBisfuzzylg*-
closed.

Proof: Let U be a fuzzy g-open set such that B < U.Since A < B we have A <
U.Hence,CI'(A) < U because A is fuzzy Ig*-closedNow B <CI(A) implies
thatC1'(B)<Cl (A)<U.ConsequentlyBisfuzzylg*-closed.

Theorem 3.9: Let (X,1,]) be a fuzzy ideal topological space and A, B are
fuzzysetsofXsuchthatA<B<A".ThenAandBarefuzzyg-closed.
Proof:Obvious.

Theorem 3.10: Let(X,t,I)be a fuzzy ideal topological space. If A and B arefuzzy
subsets of X such that A <B <A and Ais fuzzy Ig*-closed.
ThenA"=B andBisfuzzy*-openinitself.

Proof:Obvious.

Theorem 3.11: Let(X,t,]) be a fuzzy ideal topological space and F be thefamily
of all fuzzy *- closed sets of X. Then 1t < F if and only if
everyfuzzysetofXisfuzzylg*-closed.

Proof:Necessity.Let 1 cFandU bea fuzzy g-opensetinXsuchthat A"<
U.Now U€ 1=U € F. And so CI'(A)<CI'(U)=U and A s
fuzzylg*-closedsetinX.
Sufficiency.Supposethatevery  fuzzy set of X isfuzzy Ig*-
closed.LetU€t. SinceUisfuzzylg*-closedandU<U,C1"(U)<U.HenceCl " (U)
=UandU€F.Thereforet C F.
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Definition 3.2: A fuzzy set A of a fuzzy ideal topological space (X,t,l) is
calledfuzzylg*-openifitscomplement1 —Aisfuzzylg*-closed.

Remark 3.4: Every fuzzy *-open set in a fuzzy ideal topological space (X,t, 1)
isfuzzylg*-open and every fuzzylg*-open is fuzzy Is-open. But the converse
maynotbetrue.
Theorem3.12:Let(X,t,I)beafuzzyidealtopologicalspaceand Aisfuzzysetof

X. Then A is fuzzy Ig*-open if and only if F < Int'(A) whenever F is fuzzy g-
closedandF<A.

Proof:Necessity.LetAbefuzzylg*-openandFisfuzzyg-closedsetsuchthatF <
A. Then 1—A is fuzzy Ig*-closed, 1—A < 1—F and 1— F is fuzzy g-open in X.
HenceCl'(1—A)<(1—F).WhichimpliesthatF<Int"(A).

Sufficiency.LetU be afuzzyg-opensetsuch thatl—A < U.Thenl—U isfuzzyg-
closedsetofXsuchthatl—U < A.Andsobyhypothesis,]—U <Int (A).Which implies
that CI'(1—A) < U and 1—A is fuzzy Ig*-closed. Hence A isfuzzylg*-open.
Corollary3.1:Let(X,t,])beafuzzyideal topologicalspaceandAisfuzzysetof
X. ThenAisfuzzylg*-openifandonlyifF<Int (A)wheneverFisfuzzyclosedandF< A.
Theorem3.13:Let(X,t,I)beafuzzyidealtopologicalspaceandAbeafuzzysetof X.IfAisfu
zzylg*-open and Int"(A)<B<A,then B is fuzzy  Ig*-
open.Proof:LetAbefuzzylg*-openinXthen1—Aisfuzzylg*-closed. HenceCl'(1—A)
<(1—A)isfuzzyg-openset.Alsolnt (A)<Int (B)=Cl'(1-B)<Cl'(1—A).Hence,B is
fuzzy Ig*-open.
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