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Abstract: The purpose of this paper is to introduce fuzzy minimal ideal
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Introduction

In 1945, R. Vaidyanathaswamy[7] introduced the concept of ideal topological
spaces.Hayashi[4]definedthelocalfunctionandstudiedsometopologicalpropertiesusinglocalfunctio
n in ideal topological spaces in 1964.Since then many mathematicians studied varioustopological
concepts in ideal topological spaces.After the introduction of fuzzy sets by Zadeh[5]in 1965 and
fuzzy topology by Chang[2] in 1968, severalmathematicians[10, 3, 6] studied thegeneralization
of fuzzysets and fuzzy ideal topological spaces.In this sequence Noiri andPopa[11] have created
and developed the theory of minimal structure in general topology. As
ageneralizationofthefuzzydomain,Brescan[ 6 |introducedtheconceptoffuzzyminimalstructure. This
paper explores the fuzzy minimalideal topological spacesand its generalizationinfuzzy ideal
topologicalspaces.

Preliminary

Let Xbe a nonempty set. A family rof fuzzy sets of X is called a fuzzytopology on
X if the null fuzzy set 0 and the whole fuzzy set 1 belongs torandris closedwith respect to any
union and finite intersection[5].If ris a fuzzy topology on X, then the pair(X, r)iscalleda fuzzy
topological space [5] and the members of rare called fuzzy opensets and their complements are
called fuzzy closed sets. The closure of a fuzzy set Aof Xdenoted by (4) , is theintersection of all fuzzy
closed sets which contains A.TheinteriorofafuzzysetAofX denotedbylkt(A4) is the union of all fuzzy sets
of X containedin A A fuzzy set Ainfuzzy topologicalspace(X,r)issaidtobequasi-
coincidentwithafuzzysetBdenotedby
AgB,if there existsa pointx € X such that A(x)+B(x)>1[9]. A fuzzy set Vinafuzzy
topological space(X, ) is called a Q- neighborhood of a fuzzy  pointxgifthere
existsafuzzyopensetUofXsuchthatxgqU<V[3] .

Definition2.1: A nonemptycollection offuzzysets lofaset Xsatisfyingtheconditions

(i) ifA€landB<A.thenB€I(heredity) ,
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(i) if Ae€land B €lthen AUB € I(finite additivity)is called a fuzzy ideal on X .Thetriplex
(X, r, Ddenotes a fuzzy ideal topologicalspacewith a fuzzy ideal Iand fuzzytopologyr([5,9] .

Definition2.2:Thelocal function forafuzzyset AofXwith respect torand/denotedby

A*(r,1)(brieflyA*)inafuzzy ideal topological space(X,r,I)isthe union of all
fuzzypointsxgsuch that if UisaQ-neighbourhoodofxgand E€lthenfor
atleast one point

yeXfor whichU(y) + A(y) —1>E()[9].

Definition2.3:The Closureof a fuzzy set AdenotedbyCl*(A)in(X,r,/)defined as
Cl-(A)=AUA*9].

Ina fuzzy ideal topological space (X, r, I) ,the collection 7r* (I) means anextension offuzzy
topological space than rvia fuzzy ideal which is constructed by  considering
theClassf={U—E:U€r,E€l}asabase[9].

Definition 2.4: Afuzzy setAof a fuzzy ideal topological space (X,r, 1) is called fuzzy I, -closed
ifA* <U, whenever A<Uand Uis fuzzy open. AndA is calledcalled fuzzy Iy —open
ifitscomplementisfuzzyly—closed[10].

Remark 2.5: Every fuzzy g-closed (resp. fuzzy x-closed) set is fuzzy I, —closed and every fuzzy g-
open(resp. fuzzy x-open) set is fuzzy Iy —open. Examples can be easily constructed to show that the
conversemay not betrue[10].

Remark2.6:Ina fuzzyidealtopologicalspace (X,r,I),1 isfuzzyl,-closedfor everyl€I [10].

Lemma2.7:4 SB(:>—|(Aq1—B),foreverypairoffuzzysetsAand BofX[11].

Definition2.8:Let F(X) be a class of fuzzy subsets of a non empty set X. A subclass F,,of F(X) iscalled
fuzzy minimal structure on X (or a F-structure) if 0 € F,,, 1 € F,,. The pair (X, F,,) is called
fuzzyminimalspaceoraF,-space.AfuzzysetAiscalledF,,,-opensetifAEF,,,ifAc€F,thenAiscalled
F,,-closedset[6].

Remark?2.9:FuzzyminimalstructureonXmaintainsonlythefirstconditionofthedefinitionoffuzzytopology[6].

Remark2.10:Let(X,r)beafuzzytopologicalspace. Thenthesubfamiliesr,FSO (X),FPO(X),
FOPO(X),FSPO(X),FSOPO(X),ofF (X)areallfuzzyminimalstructuresonX[6].

Definition 2.11: Let X be a nonempty set and F,be a fuzzy minimal structure on X.Then theF,,-
closureandtheF ,-interior ofafuzzyset ofXaredefinedinasfollows[6]:
()FmCl(A)= N{0:AS0,0°€EFn},
(i) Fmlkt(A)= U{8:86CA,6€Fn}.
Lemma2.12:Let(X,F,,)be aF,-space onXandA€F,,andx beafuzzypoint inX. Thenx,EF,,
Cl(A)ifand onlyifuqAforanyfuzzy setu€F ,satisfyingtheconditionx,qu.[6].

3.1FuzzyMinimalldealspace

Definition3.1: Let F(X) be a class of fuzzy subsetsof a non empty set X. A subclass Fof F(X)
iscalledfuzzyminimalidealstructureonX(oraF ,I-structure)(i)ifA€/andB<A,thenB€l
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(heredity),(i1)ifA€land Belthen AUBEI(finite additivity)is called a fuzzy
idealonX.Thetriplex(X,F,,,I)denotes afuzzyminimal idealtopologicalspace.

Thelocalfunction forafuzzyset AofXwith respect toF,and/denotedbyAx* (
F D) ( brieflyA*)inafuzzyminimalideal topological space (X, F,, I) isthe union of allfuzzy
pointsxgsuch that if Uis afuzzy Q-neighbourhood of xgand E€lthenfor at
leastonepointy€XforwhichU(y)+A(y)— 1>E(y).

Remark3.2: Let(X, F,, [)beafuzzyminimalstructure. Then
()IfI={@},thenA*(D)=mL1(A),
(i) IfI=go(X),thenA*(p (X)) = @

Definition3.3:Let (X,F,,I)beafuzzyminimalspacewithanideallonX. ForAcXthesetoperator

Clijscalle I+-closurcidealandisdefi Cl*(A)=AUA" Itisdenoted
m )Zsﬁ%the e g RE e AV A Tisdenotedas .y _ ey

mz"l “(X=U)=X-U};m*(X,F )1scalledfuzzy* rmmrnal1dealstructurewhlch1sﬁnerthanF

m
Remark3.4:Theelementsofm*(XgF ,[)arecalledfuzzyminimal *-open(briefly,fuzzym=*-open)and
m
the complement of afuzzym=*-open set iscalled fuzzyminimal*-closed (briefly,fuzzym+-closed).
Theorem3.5:Let(X,F,,;,)beatuzzyminimal-spacewithanfuzzy ideal IonXandA,B
be fuzzysubs(?gffg%l;})l%tgegg}lowingpropertieshold:
Gi)cl=A4(1)3ZA(D),™
(ii))A*=mCl(AfcmCl(AT,
(iv)A*UB*c(AUB)~,
W% ea "
Proof: (i)SinceACBIg)h*CB *,forfleveryxEA*.Thenbythedeﬁnition x€A*implies X€E
m m m m
B;,Whichcompletesthe proof.
(i1) Theproofis obvious
(iii) Theproofis obvious
(iv) Letxp&A*U R thergforex p isnotcontainedinbothA+andf3*. ThenghereisoneQ-

neighbourhoofuofxgsuchthatforeveryy€X,u,+A(y)—1<E;,forsomeE; €
I.SimilarlythereisoneQ-neighborhoodof u,of xgsuchthatforevery
YEX,up;+A(y)—1<Ej forsomeE, €l.Letu=u,Uu,,uisalsoQ-neighbourhoodof xgsuchthat

ud(e}:l)IEALllJ EB (é/)a 1 ; /]?5 é? E bfo evﬁrgl%]cee)xgl "{Jhggfé)iebe/g?glteadditivityoffuzzy

(v) Theproofis obvigus
Remark3.6:Let(X,F m,l)beafuzzymlnlmahdealspacew1than1deall onX,thenA*UB*=

(AUB)*. ,,
Corollary3.7:Let (X,F,,[)beafuzzyminimalspaceandAcX.ThenthesetoperatorfuzzymClI+(4)
satisfiesthefollowingconditions:

(1)AcmCl(A),

(ii) mCl(@)=PakdmCl*(X)=X,(ii)If

ACB,

thekmCl*(A)cmCl*(B),(ivymCl*(A)Um

Clx(B)cmCl*(AUB).
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4.1Fuzzyminimall g-closed

Definition4.1: AsubsetAoffuzzyminimalidealspace (X,F,,,[)isfuzzyminimal —/-
generalizedclosed(inbrief,fuzzyminimallg-glosed)ifA* cUwheneverUisfuzzyminimal-openanddenotedas

X Fmlyg).
Propositiond.2:Let(X,mg)beafuzzyminimalspace.Everyfuzzyminimal-closedsetisfuzzyminimal
I,-closed.

8

Remark4.3:Everyfuzzyminimal-closedsetisfuzzyminimall,-closed. Buttheconversemaynotbetrue.

Examplescan beeasilyconstructed toshowthat theconversemaynotbetrue.

Example4.4:LetX={a,b} andAand Ubedefined as follows:
A(2)=0.3,A(b)=0.2
U(a)=0.5,U(b)=0.7

Letr={0,U,1 }bethefuzzyminimaltopologyonXandI={0} beafuzzyminimalideal

onX.ThenAis fuzzy minimallg-closedin(X,F,,I), butnotfuzzy minimal *-closed.

Remark4.5:Let(X,F,,, I )beafuzzyminimalidealspacetheneveryfuzzy g-closedset(resp.fuzzy+*-closed)set
isfuzzyminimall-closed.

Theorem4.7:Let(X,F,,[) beafuzzyminimalidealtopologicalspace.Then Aris
fuzzyminimallg-closed foreveryfuzzy setAofX.

Proof:LetAbeafuzzysetofXandUbeanyfuzzyminimalopensetofXsuchthatA*<U.Since
(A*)*<A-itfollowsthat(A*)*<U.HenceA*isfuzzy minimallg-closed.

Theorem4.8:Let(X,F,,;,I)beafuzzyminimalidealtopologicalspaceand Abeafuzzy minimall,-
closedandfuzzy open setinX. ThenAisfuzzy minimal*-closed.

Proof:SinceAisfuzzy open andfuzzy minimallg-closedandA<A.ItfollowsthatA*<AbecauseA
isfuzzyminimall,-closed. HenceCl*(A)=AUA*<AandAis fuzzyminimal*-closed.

Theorem4.9:Let(X,F,,,I)beafuzzyminimalidealtopologicalspaceand Abeafuzzyminimalsetof
X. Thenthe followingare equivalent:

(i) Aisfuzzyminimallg-closed.
(i) Cl*(A)<Uwhenever A<UandUisfuzzyminimalopenin X.

(iii) —|(AqF ) =—|(C [*(A)qF) foreveryfuzzyminmalclosedset Fof X.
@iv) —|(AqF ) =>—|(A *qF)forevery fuzzyminimalclosedsetFofX.

Proof:(i) =(ii).Let Abeafuzzyminimal I, -closedsetin X.Let A<Uwhere Uisfuzzyminimalopensetin
X.Then A*<U.HenceCl*(A)=AUA*<U.Whichimpliesthat Cl*(A)<U.
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(i)=(i).LetAbeafuzzysetofX.Byhypothesis C1*(A)<U.Whichimpliesthat A*<U.HenceAisfuzzyminimalls-
closed.

(i) =(iii).Let Fbea fuzzy minimal closedset of X and —|(AqF).Then 1 — Fis fuzzy minimalopen
inXandbyLemma?2.7,<1—F.Therefore,Cl* (A)<1—F becausedisfuzzy minimal/,-

closed. HencebyLemma2.7,, —|(C I*(A)qF).

(iii) = (ii).LetUbeafuzzyminimalopensetofXsuchthatA<U .ThenbyLemma2.7,,—|(Aq(1 -
U))and1—-Uis fuzzyminimalclosedinX.Thereforebyhypothesis—|(C 1*(A)q(1-U)).Hence,
Cl*(A)<U.

(1)=(iv). Let Fbe a fuzzy minimal closed set in X such that —|(AqF). Then A<1 — Fwhere 1 —
Fisfuzzyminimalopen. Thereforeby(i)A*<1—F. Hence | (A*qF).

(iv) =(i).LetUbeafuzzyminimalclosedsetinXsuchthatA<U.ThenbyLemma2.7, | (Aq(1—
U))and1—UisfuzzyminimalclosedinX.Thereforebyhypothe sis | (A*q(1 —=U)).HenceA*<U
andAisfuzzyminimal [,-closedsetinX.

Theorem4.10:Let (X,F,,I)beafuzzyminimalidealtopologicalspaceandAbeafuzzy minimal
Ig-closedset. ThenxqCl*(A)=Cl(x)qAforanyfuzzypointxofX.

Proof: Let xqCl*(4) . If—|(Cl(x)qA). Then by Lemma 2.7, , A<(1 — CI(x)). And so by Theorem3.3(ii),
Cl*(A)<(1 — Cl(x)) because (1 — Cl(x)) isfuzzyminimalopensetin X.WhichimpliesthatCl*(4)<(1 —
x).Hence by Theorem3.3(ii),—|(qu [*(A)),which is acontradiction.

Theorem4.11:Let(X,F,,,[) beafuzzyminimalidealtopologicalspaceandAbeafuzzy minimal
I-closedsetinX. ThenAisfuzzyminimalx-closed.
Proof:Theproofisobvious.

Theorem 4.12: Let (X, F,;, I) be a fuzzy minimal ideal topological space and Abe fuzzy *-dense in
itselffuzzyminimall,-closedsetofX. Then Aisfuzzyg-closed.

Proof: Let Ube a fuzzy minimal open set of X such that A<U.Since A is fuzzy minimal /4-closed,
byTheorem 4.9 (ii), ClI*(A)<U.Therefore, Cl(A)<Ubecause A isfuzzy *-dense in itself. Hence
Aisfuzzyg-closed.

Theorem4.13:Let (X, F,, ) beafuzzyminimalidealtopologicalspacewhere = I={0}  and
Abeafuzzyminimalsetof X.ThenAis fuzzyminimall,-closedifandonlyifAis fuzzyg-closed.
Proof: Since/={0},A*=Cl(A)foreachsubsetAof.Nowtheresultcanbeeasilyproved.

Theoremd.14:Let (X,F,I)beafuzzyminimalidealtopologicalspaceandA,Barefuzzyminimallg-closed
setsofX. ThenAUBisfuzzy minimall,-closed.
Proof:LetUbeafuzzyminimalopensetofXsuchthatAUB<U.ThenA<UandB<U
.ThereforeA*<UandB* < UbecauseAandBarefuzzyminimalls-closedsetsofX.Hence(AU
B)*<UandAUBisfuzzy minimallg-closed.

Remark4.15:The  intersection of two fuzzy minimal I4-closed
setsinafuzzyminimalidealtopological space(X,Fy, [)maynotbefuzzyminimallg-
closed.

Example 4.16:LetX={a,b}andA,Bbetwofuzzyminimalsetsdefinedas follows :
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A(a)=0.9 ,  A(b)=0.7
B(a) =0.8 ,  B(b)=0.7
U(a) =0.3 , U(b) =0.4
Let ={0,U,1} and [I={0}.Then Aand B are fuzzyminimallg-closedsetsin (X, Fy,,[)

butANB is notfuzzy minimallg-closed.

Theorem4.17:Let(X,F,,,,[)beafuzzyidealtopologicalspaceand A,BarefuzzyminimalsetsofXsuchthatA <B<
CI*(A).IfAisfuzzyminimall,-closedset inX,thenBis fuzzyminimall,-
closed.Proof:LetUbeafuzzyminimalopensetsuchthatB<U.SinceA<BwehaveA<U.Hence,Cl1*(A)<Ubeca
useA isfuzzyminimall,-closed. NowB <CI*(A)impliesthatCI*(B)<CI*(A)<U
.ConsequenlyBisfuzzyminimallg-closed.

Theorem4.18:Let(X,F,,,[)beafuzzyminimalidealtopologicalspaceand A,BarefuzzyminimalsetsofXsuch
thatA<B<A*.ThenAandBarefuzzyl,-closed.
Proof:Theproofisobvious.

Theorem 4.19: Let(X, F,,, I) be a fuzzy minimal ideal topological space .If Aand Bare fuzzysubsets
ofXsuch thatd < B < A* andAisfuzzy minimal Ig-closed . Then A* = B* and Bisfuzzyminimal*-open
initself.

Proof:Obvious.

Theorem 4.20: Let(X, F,, I)bea fuzzy minimal ideal topological spaceandFbethefamilyofallfuzzy
minimal*- closedsetsofX . Thent cFifandonlyifeveryfuzzysetofXisfuzzyminimallg-closed.

Proof:Necessity.Let tcFandU bea fuzzyminimal opensetinXsuchthat A<U.Now
Uer=U€eF.Andso Cl*(A)<Cl*(U)=Uand A is fuzzy minimall, -closedsetin
X.

Sufficiency. Suppose that everyfuzzy minimalsetofXisfuzzy  minimal Ig-closed .LetU€ r.Since
Uisfuzzyminimal I -closed andU< U, CI*( U)< U.Hence Cl*( U)= Uand U €F ThereforetcF.

Definition 4.21: A fuzzy set Aof a fuzzy minimal ideal topological space (X, F, [)is called
fuzzyminimallg-open ifits complement1—Aisfuzzyminimall,-closed.

Remark 4.22:Every fuzzyg-open setis fuzzyminimallg-open . Buttheconverse maynotbetrue.

Remark 4.23: Every fuzzy #-open set in a fuzzy minimal ideal topological space (X, Fp, I)is
fuzzyminimall-open. But the conversemay notbetrue.

Theorem4.24:Let(X,F 1) beafuzzyminimalidealtopologicalspaceandAisfuzzysetofX.Then
Aisfuzzyminimallg-openif andonlyif F<Ikt*(A)whenever Fisfuzzyminimal closedandF<A.

Proof: Necessity. Let Abe fuzzy minimal /g-open and Fis fuzzy minimal closed set such that F<A.Then1
—Aisfuzzyminimall,-closed,1 — A<1 —Fand1 —Fisfuzzyminimalopenin X.Hence
Cl*(1—A)<(1—F).Whichimpliesthat F<Ikt*(A).
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Sufficiency.LetUbeafuzzyminimalopensetsuchthat1
—A<U.Then1—UisfuzzyminimalclosedsetofXsuchthat1—U<A.Andsobyhypothesis,1—U<Ikt*(A).Whichi
mpliesthat

Cl*(1—A)<Uand1—Aisfuzzyminimal [s-closed.HenceAisfuzzyminimallg-open.

Theorem4.25:Let(X,F 1) beafuzzyminimalidealtopologicalspaceand AbeafuzzysetofX.If
Aisfuzzyminimal Ig-open and [kt*(A)<B<A.thenB is fuzzy minimallg-open.
Proof:FollowsfromDefinition4.21andTheorem 4.18.

11.

References:

A.A NaseefandHatir,Onfuzzypre-I-opensetsandadecompositionoffuzzy-I-
continuity,Chaos. Solitons andFractal, doi:10-1016;(2007).10
C.L.Chang,Fuzzytopologicalspaces,J.Math.Anal. Appl.24(1968)182-190.1

D.Sarkar,Fuzzyidealtheory,Fuzzylocalfunctionandgeneratedfuzzytopology,FuzzySetsand
Systems, 87(1997)117-123.13
E.Hayashi, Topologiesdefinedbylocalproperties,Math.Ann.156(1964) 114-178.

L.A.Zadeh, FuzzySets,InformationControl(Shenyang),8(1965)338-353.19
M .Brescan,StructureFlouesMinimaux,Petroleum-

GasUniversityofPloiestiBulletin,Mathematics-Informatics-
PhysicsSeries,VolumeLIII,No.1(2001)115-122.

M. K. GuptaandRajneesh.Fuzzyy-I-opensetsandanewdecompositionoffuzzysemi-I-
continuityviafuzzyideals,Int.Jour. Math.Analysis.Vol.3(28)(2009), 1349-1357.3

R.Vadyanathaswami, Thelocalizationtheoryinsettopology,Proceedingsofthelndian5.Nation
alScienceAcademy, 20(1945) 51-61.15
R.Vaidyanathaswamy,Settopology,Chelsea,NewY ork,(1960).16

. S.S.ThakurandAnitaS.Banafar,Generalizedclosedsetsinfuzzyidealtopologicalspaces,

J.Fuzzy Math. 21(4)(2013), 803-808.

T.NoiriandV.Popa,Onm-
continousfunctions,AnaleleUniversity“DunareadeJos”Galati,Fascicolall, XVII(2000)31-
41.

Page No: 7





