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ABSTRACT 

 
Deteriorating production system works with inventory model on a supply chain system 
forconsidering transportation cost depending upon quantity ordered and distance from 
supplier’sproduction unit to retailer’s warehouse. First a crisp model is developed and 
considering 
someparametersoffuzzynatureaffectinginventorycost,acorrespondingfuzzymodelisdeveloped.In 
aninventory modelling separate model has been developed for retailer as well as supplier 
andrarely transportation cost is taken into account. In the present modelling total average 
inventorycost of supply chain including retailers and supplierstogether is minimized under crisp 
and fuzzyenvironment. Demand parameter of retailer’s is considered as inventory level 
dependent. Duringproduction and storage, constant deterioration occurs at retailer’s and 
supplier’s warehouse. Theobjective of this paper is to derive an inventory model that together 
minimize the total averageinventory cost of supply chain using signed Distance Method to 
defuzzyfy the fuzzy numbers.Numerical example is presented to validate the model applicability 
and sensitivity analysis hasbeenperformed on fuzzyparametersin themodel. 

Key words:Triangular Fuzzy Number, Signed Distance Methods, Inventory level 
dependentdemand,distanceand orderedquantity dependent transportationcost. 

 

1.0INTRODUCTION 
 

Inventory is the most important commodity of business and in the system of business 
manystepsareinvolvedwhencommoditiesaredistributedduringbusinessprocess.Mostoftheinventory 
models are developed to minimize the inventory cost of a businessman involved atsingle level of 
business process. In the business there are mainly four level of distribution ofcommodities which 
are Producer/manufacturer of products/commodities, Distributers/Suppliersof commodities and 
Retailers of Products/commodities and end users that is consumers. Allstockist are involved in 
the business process. Most of research papers involved in modellinginventory system of single 
item or multi-items are to minimize the cost of inventory system 
foreitherretailers,suppliersormanufacturer.Inthefieldsupplychainsystemwheremanybusinessmenat
variouslevelareinvolved,researchershavedevelopedmodelofSCN(Supply 
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Chain Network) considering transportation of commodities among the businessman and 
endusers. Researchers have considered various factors affecting inventory system or SCN 
includingcostparameterswhicharethemostimportantfactorstobemodelledinasuchwaythatminimize
d the total inventory cost or cost of supply chain network and hence making profit 
forthebusiness.Variousinventorymodelconsideredconstantrateofdemand,timedependentdemand,e
xponentialandstockdependentdemand.Butthesearenotalwaysfruitfulinoptimizinginventory 
system. 

Duringthemarketingprocessofcommoditiesinabusiness,itemsareproduced 
/manufactured at various level and finished goods are brought in the market to be used by 
endconsumers. In this process, at various level either during production process, stock 
holdingprocess and inventory in transit system, some items are deteriorated and some are in 
goodconditiontobeuseduntilitreachestoendconsumers.Deteriorationistheprocessinwhicheitherbioc
hemicallossesofitemsorphysicaldamagesduringallprocessofsupplychaincausing loss to the 
businessman.Therefore, deteriorationis the key factor affecting the inventorycostduring the 
storage period and in transit period and sohas drawn attention ofresearchers sincepastmany 
decades. 

During the business process,uncertainty in the market causes inflation in the price 
andalso in the production system. The uncertainty of the market cannot be dealt with 
parametershavingcertainandfixedvalue.Forecastingcannotbeconsideredasexactquantityofrequirem
ent and may vary any time due to various uncertain causes in the country. Similarly,inflation in 
the cost parameters is also uncertain depending on the situation and crisis of presenttime. 
Therefore, there is need to study the uncertain situation of future and model the 
systemaccordingly so that uncertainty of the market scenario can be observed closely to the 
crispquantity of commodities. In this area, many research papers have been published to deal 
with 
theuncertainsituationandquantity.Thistypeofuncertaintywasinitiallyobservedandstudiedbythe 
L.A.Zadeh[1]inseventeenthcenturyconsideringinterval-
basedmembershipfunctiondescribingagradedvalue.Usingfuzzysettheoryinfuzzyenvironmentmany
papersareavailable[2,3,4,5,6,7,8,9,10,11,12,25].Fewrecentresearchersintheirpapers[13,14,15,16,1
7,18,19,20,21] have considered fuzzy situation of market scenario and developedmodels of 
inventory system accordingly.In these papers they have considered only inventorymodelling of 
an inventory system in fuzzy environment and most of these have not included thetransportation 
activities and cost of transportation. In current scenario many researchers areworking in 
modelling supply chain system considering transportation network of commoditiesbut still very 
few are considering the fuzzy environment to deal with future uncertain situationsthat 
arenotexactbutmay be veryclose tothe situationindemand duringthetime.Dincer Konur 
[22]hasdevelopedaCarbonconstrainedintegratedinventorycontrolandtruckloadtransportationwithh
eterogeneousfreighttrucksbyincludingthetransportationsystemininventorymodelling.Atri-
levellocationmodelforforward/reversesupplychainhasbeenproposed by Amir Mohammad et. al. 
[23].OptimizingSupply chain network for perishableproducts using improved bacteria foraging 
algorithm (IBFA) is developed by Amit Kumar Sinhaand Ankush Anand [24] and compared the 
result of IBFA with existing BFA. However, thesemodels have not considered in optimizing total 
inventory cost of supply chain together in a fuzzyenvironment. 

Motivated by various research papers of inventory modelling and model of supply 
chainsystem of transportation involving commodities in the present market scenario of 
competitivebusinessera,aninventorymodelisproposedforsupplychainsysteminvolvingsupplierand 
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⎪

retailertooptimizetotalaverageinventorycostofbothtogetherinvolvedinthebusinessprocess.First,acr
ispmodelhasbeendevelopedunderinventoryleveldemandrateandcorresponding fuzzy model is 
developed to deal with uncertain situation of production rate,demand rate, deterioration rate and 
purchasing rate. It is assumed that production and supply areinstantaneous and have no shortages 
of demand. Fuzzy parameters consider triangular fuzzynumbers which are defuzzified using 
Signed Distance Method.The study includes only 
singleitem.Sensitivityanalysishavebeenperformedon fuzzyparametersincase offuzzymodels. 

 

2.0PreliminariesofFuzzySet 

Fuzzysettheoryhasemergedasaverypowerfultooltoquantitativelyrepresentandmanipulate the 
imprecisedata thatisused to governthedecision- makingprocess.Mostlyfuzzy numbers are used 
in the inventory modelling to encounter the imprecise data by settingthe values of input 
parameters to be function of fuzzy triplet of trapezoidal or other fuzzynumbers.Some definition 
fuzzy set arepresentedhere. 

Fuzzy Set:A fuzzy set Ѵ˜ on a given universal set X is denoted and deϐined 

byV˜={(𝑥,𝜆𝑉˜(𝑥)):𝑥𝖼X} 

Where𝜆𝑉˜:X→[0,1], is the membershipfunction and𝜆𝑉˜(x) describesdegree ofxinV˜. 

FuzzyTriangularNumber:Afuzzynumberisspecifiedbythe triplet 
(𝑎1𝑎2𝑎3)isknownastriangularfuzzy if𝑎1<𝑎2<𝑎3andisdefinedby its 
continuousmembershipfunction𝜆𝑉˜:X→[0,1]asfollows: 

 

 
 

𝜆𝑉˜(𝑥)= 

𝑥−𝑎1 

⎧
𝑎2−𝑎1 

𝑎3−𝑥 
⎨𝑎3−𝑎2 

if 

𝑎1if

𝑎2 

 
≤𝑥≤𝑎2 

 

≤𝑥≤𝑎3 

𝗅 0 o𝑡ℎe𝑟wi𝑠e 

Signed Distance: Let V˜ be the fuzzy set deϐined on the ℜ (set of real numbers), then the 
signeddistanceof V˜isdeϐinedas 

 

d(V˜,0)=
1   1

[𝑉(𝛼)+𝑉(𝛼)]𝑑 

2
∫

0 𝐿 

𝑅 𝛼 

where𝑉𝛼=[𝑉𝐿(𝛼)+𝑉𝑅(𝛼)]=[𝑎+𝑏-𝑎)𝛼,𝑑-(𝑑-c),𝑎],𝑎𝖼[0,1]isa𝑎-cutofafuzzy 

setV˜.IfV˜=(𝑎1𝑎2𝑎3)isatriangularfuzzynumberthenthesigneddistanceofV˜isdeϐinedas 

𝑑(V˜, 0) =1(𝑎+2𝑎+𝑎) 
4 1 2 3 

 

3.0 AssumptionsandNotations 
Theformulationofmodelisbasedonthefollowingassumptionsandnotations: - 
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3.1 Assumptions 
1. Thereplenishmentrateisinstantaneous 
2. Supplyleadtimeisnegligible. 
3. Shortagesarenotallowed. 
4. Rateofdeteriorationisconstant at warehouses. 
5. Rateofholdingcostisconstantatbothwarehouses. 
6. Deterioratedunitsneitherrepairednorreproducedduringtheperiodunderreview. 
7. Deteriorationoccursassoonasitemsarereceivedintoinventorymanagementsystem. 
8. Parametersareconsideredto betriangularfuzzynumberincase offuzzymodel. 
9. The demand (D) of supplier is such that D=Q/T; where Q is ordered quantity of 

retailerinperiodT. 
10. Demand rate of retailer is deterministic and is the function of in hand inventory 

ofretailerat any time t andisillustrated as 
𝑑(𝑡)=𝛼+𝛽𝐼𝑅(𝑡) 0≤𝑡≤𝑇 
suchthat𝛼>0 ,𝛽>0 

 
3.2 Notations 

 
𝑂𝑐 Costoforderingofretailer perorder 
𝑆𝑐 Setupcostofsupplier 
𝐶𝑠 Productioncostofsupplierperunit item 
𝐶o Orderingcostperorder 
𝑑𝑟 Deteriorationcostofretailerperunititem 
𝑑𝑠 Deteriorationcostofsupplierperunititem 
ℎ𝑟 Inventoryholdingcostof retailerperunit item 
ℎ𝑠 Inventoryholdingcostofsupplierperunititem 
𝑝𝑟 Purchasingcostofretailerperunititem 
𝑎 Fixtransportationcostpertripoftransportation 
𝑏 Variabletransportationcostperorderedquantityperunitdistance 
𝑑 Distanceofretailer’swarehousefromproductionunitofsupplier 
𝛾 Rate of deterioration of inventory at both warehouse of supply 
chainT Cyclelengthofretailers 
𝑇1 Productiontimeperiodofsupplier 
𝑇2 Timeatwhichsupplier’sinventoryvanishes 
𝐼𝑅(𝑡) Inventorylevel ofretailerat any timetin theinterval 0≤𝑡≤𝑇 
𝐼𝑆i(𝑡)Inventorylevel ofsupplierat any timetin theinterval0≤𝑡≤𝑇2wherei=1,2 
N Numberofdeliveriessupplied bysuppliertotheretailers 
Q Ordersizeperorder ofretailer 
𝑇𝐶𝐼𝑐𝑠𝑟(𝑁,𝑇,𝑇1,𝑇2) TotalAverageinventorycostforcrispmodel 
𝛼͠ Fuzzyfixeddemandparameterofretailer 
𝛽͠ Fuzzyvariabledemandparameterbaseoninventorylevel 
𝛾͠ Fuzzydeteriorationrateinbothwarehouses 
𝑝͠𝑟 Fuzzypurchasing costparameterofretailer 
𝑆͠𝑐 Fuzzysetupcostparameterofsupplier 
𝑃͠ Fuzzyproductionrate ofsupplier 
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𝑇𝐶�͠�𝑐𝑠𝑟(𝑁,𝑇,𝑇1,𝑇2)   TotalAverage inventorycostforfuzzymodel 
{~Signrepresentthefuzzinessoftheparameters} 

 
4.0 FormulationofMathematicalModel(CrispModel) 
In this section models are developed for retailer and supplier separately and effect of 
parametersoncombined supply chainis illustratedbynumerical examplein thelater section. 

 
4.1 : Retailer’sInventorymodelforjthcycle(j−1)𝑇≤𝑡≤j𝑇 
Graphicalscenarioisillustratedinthefigire-1andlevelofinventoryisdescribedbythedifferential 
equation. At the fist instant Q quantity of inventory entered into the inventory systemwhich is 
stocked in a warehouse and decline due to demand of consumers and 
deteriorationintheperiod(j−1)𝑇≤𝑡≤j𝑇.The followingdifferentialequationgovern the 
levelofinventory: 

 

𝑑𝐼𝑅(𝑡)
=−𝛾𝐼

 (𝑡)−𝑑(𝑡); (j−1)𝑇≤𝑡≤j𝑇 (1) 
𝑑𝑡 𝑅 

 

Atthebeginningofinventorysystem𝐼𝑅((j−1)𝑇)=𝑄,usingasboundaryconditionsolutionofeq.(1)is 

𝐼𝑅j 
(𝑡)=(𝑄+  

𝛼
 
𝛽+𝛾 

)e−(𝛽+𝛾)(𝑡−(j−1)𝑇)−
𝛼 

𝛽+𝛾 
; (j−1)𝑇≤𝑡≤j𝑇 (2) 

Where,  
𝑄=e(𝛽+𝛾)𝑇−1 

 
 

 

 
Figure-1:Graphrepresentingdepletionofinventorylevelinwarehouses 

 

Theretailer’sinventorysystemconsistsfollowingcoststobeincludedinminimizingaveragetotalinventory 
cost 

 
Ordering 
costInventory holding 
costDeterioration 
costPurchasingcost 
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j=1 

{∫ 

j=1 

{∫ 

{∫ 

j=1 

j=1 

= [ 

Nowabovecostsareillustratedasunder: 
Orderingcostforjthcycle(j−1)𝑇≤𝑡≤j𝑇 
𝐶𝑂𝐼j=jo𝑟 (3) 
OrderingcostforcompleteN–cycle 
𝐶𝑂𝐼𝑛= ∑𝑛 jo𝑟 (4) 

 

Inventoryholdingcostforjthcycle(j−1)𝑇≤𝑡≤j𝑇 
j𝑇 

𝐼𝐻𝑐𝑟j=ℎ𝑟{∫ 𝐼𝑅j(t)𝑑𝑡} 
(j−1)𝑇 

=ℎ𝑟 
j𝑇 

(j−1)𝑇 
(𝑄+ 

𝛼
 

𝛽+𝛾 
)e−(𝛽+𝛾)(𝑡−(j−1)𝑇)−

𝛼 
𝛽+𝛾 

𝑑𝑡} (5) 

InventoryholdingcostforcompleteN-cycle 
𝐼𝐻𝑐𝑟𝑛 =∑𝑛 𝐼𝐻𝑐𝑟j (6) 

 

Inventorydeteriorationcostforjthcycle(j−1)𝑇≤𝑡≤j𝑇 

𝐼𝐷𝑐𝑟j =𝑑𝑟 
j𝑇(j−

1)𝑇 
𝛾𝐼𝑅j (t)𝑑𝑡} 

=𝑑𝑟 
j𝑇 

(j−1)𝑇 
𝛾(𝑄+ 

𝛼
 
𝛽+𝛾 

)e−(𝛽+𝛾)(𝑡−(j−1)𝑇)−
𝛼 

𝛽+𝛾 
𝑑𝑡} (7) 

InventorydeteriorationcostforcompleteN-cycle 
𝐼𝐷𝑐𝑟𝑛=∑𝑛 𝐼𝐷𝑐𝑟j (8) 
Inventorypurchasecostforjthcycle 
𝐼𝑃𝑐𝑟j=𝑝𝑐(𝑄j) 

=𝑃𝑐(e(𝛽+𝛾)𝑇−1) (9) 
InventorypurchasecostforcompleteN-cycle 
𝐼𝑃𝑐𝑟𝑛=∑𝑛 𝐼𝑃𝑐𝑟j (10) 

 

Hencethetotalaverageinventorycostperunitoftimeofretailerforcompleten-cycleisgivenby 
 

𝑇𝐼(𝑁,𝑇)=  
1
[𝐶𝑂 

 

+ 𝐼𝐻 +𝐼𝐷 + 𝐼𝑃 ] 
𝑐𝑟 
1   

∑𝑛 
 

𝑇 
j o +∑𝑛 

𝐼𝑛 𝑐𝑟𝑛 

𝐼𝐻 +∑𝑛 
𝑐𝑟𝑛 

𝐼𝐷 
𝑐𝑟𝑛 

+∑𝑛 
 

𝐼𝑃 
 

] (11) 
𝑇 j=1 𝑟 j=1 𝑐𝑟j j=1 𝑐𝑟j j=1 𝑐𝑟j 

 

4.2 :Supplier’sInventory Model 
Graphical scenario for the level of inventory produced and supplied to retailer is illustrated in 
thefigure-1. At the first instant P quantity of inventory produced and is reduced due 
tosupplier’sdemand and deterioration in the period (0 ≤ 𝑡 ≤ 𝑇1)and remaining products decline 
due todemandofsupplieranddeteriorationintheperiod(𝑇1 ≤ 𝑡 ≤ 
𝑇2).Thefollowingdifferentialequationgovernthelevelofinventory during theentireperiod: 

 
𝑑𝐼𝑠1(𝑡)

=𝑃−𝑑(𝑡)−𝛾𝐼(𝑡); (0≤𝑡≤𝑇) (12) 
𝑑𝑡 

 

𝑑𝐼𝑠2(𝑡)
=−𝛾𝐼

 

𝑠 
 
 
(𝑡)−𝑑(𝑡); (𝑇 

1 
 
 
≤𝑡≤𝑇) (13) 

𝑑𝑡 𝑅 1 2 
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Atthebeginningofinventorysystem𝐼𝑠1(0)=0,usingthisconditionasboundaryconditionsolutionofeq. 
(12) is 

 

𝐼𝑠1 (𝑡) 
𝑃−𝐷 

=( 
𝛾 

)(1−e −𝛾𝑡 ); (0≤𝑡≤𝑇1) (14) 

Duetocontinuityat 𝑡=𝑇1,𝐼𝑠2(𝑇2)=𝐼𝑠1(𝑇1),usingthisconditionsolutionofeq.(13)isobtainedas 
 

𝐼(𝑡)=(𝐼( ) 
𝐷

 
 

 

−𝛾(𝑡−𝑇1)−
𝐷; (𝑇  

 

≤𝑡≤𝑇) (15) 
𝑠2 𝑠1 𝑇1 +  )e 

𝛾 𝛾 

 
 

Thesupplier’sinventorysystemconsistsfollowingcoststobeincludedinminimizingaveragetotalinventor
y cost 

 Setupcost 
 Inventoryholdingcost 
 Deteriorationcost 
 Productioncost 
 Transportationcost 

 
Nowabovecostsareillustratedasunder: 
Setupcost 
𝑆𝑠𝑐=𝑠𝑐 (16) 

 
Inventoryholdingcost 

𝑇1 𝑇2 

𝐼𝐻𝑐𝑠=ℎ𝑠{∫𝐼𝑠1(t)𝑑𝑡+∫ 𝐼𝑠2(t)𝑑𝑡} 

 = ℎ { 
0 

𝑇1 

 

𝑃−𝐷 
 

 

𝑇1 

−𝛾𝑡 
 

𝑇2 
 ( ) 𝐷 
 

 

 
−𝛾(𝑡−𝑇1) 𝐷 

 
 

𝑠 ∫0 ( )(1 −e 
𝛾 )𝑑𝑡+∫𝑇1

((𝐼𝑠1 𝑇1 +  )e 
𝛾 

−)  𝑑𝑡} (17) 
𝛾 

 

Inventorydeteriorationcost 
𝑇1 

 
𝑇2 

𝐼𝐷𝑐𝑠=𝑑𝑠{∫𝛾𝐼𝑠1(t)𝑑𝑡+∫ 𝛾𝐼𝑠2(t)𝑑𝑡} 
0 𝑇1 

 
=𝑑 

{
𝑇1 𝑃−𝐷 

 
 

−𝛾𝑡 𝑇2 ( ) 𝐷 
 

 

−𝛾(𝑡−𝑇1) 𝐷 
 

 

𝑠 ∫0 𝛾( )(1−e 
𝛾 )𝑑𝑡+∫𝑇1

𝛾((𝐼𝑠1 𝑇1 +  )e 
𝛾 

−)𝑑𝑡} (18) 
𝛾 

 

Inventoryproductioncost 

𝐼𝑃𝑐𝑠 =𝐶𝑝 ∫
𝑇2𝑃𝑑𝑡 (19) 

InventorytransportationcostforcompleteN-cycle 
𝐼𝑇𝑐𝑠𝑛=  𝑁(𝑎+𝑏𝑄𝑑) (20) 

 
Hencethetotalaverageinventorycost perunit oftimefor completen-cycleisgiven by 

1 2 
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0

𝑇𝐼𝑐𝑠(𝑁,𝑇1,𝑇2)= 
1 

𝑇
[𝑆𝑠𝑐+𝐼𝐻𝑐𝑠+𝐼𝐷𝑐𝑠+𝐼𝑃𝑐𝑠+𝐼𝑇𝑐𝑠𝑛] 

 
1 𝑇1 

 
 

𝑃−𝐷 
 

 

−𝛾𝑡 𝑇2 ( ) 𝐷 
 

 

−𝛾(𝑡−𝑇1) 𝐷 
 

 

=
𝑇
[𝑠𝑐+ℎ𝑠{∫0 

( )(1−e 
𝛾 )𝑑𝑡+∫𝑇1

((𝐼𝑠1 𝑇1 +  )e 
𝛾 

−) 𝑑𝑡}+ 
𝛾 

 

𝑑{ 𝑇1 𝑃−𝐷 
 

 

−𝛾𝑡 𝑇2 ( ) 𝐷 
 

 

−𝛾(𝑡−𝑇1) 𝐷 
 

 

𝑠 ∫0 𝛾( )(1−e 
𝛾 )𝑑𝑡+∫𝑇1

𝛾((𝐼𝑠1 𝑇1 +  )e 
𝛾 

−)𝑑𝑡}+ 
𝛾 

 

𝐶𝑝 ∫
𝑇2𝑃𝑑𝑡+ 𝑁(𝑎 +𝑏𝑄𝑑)] (21) 

 

Presentworthoftotalinventorycostofsupplychaintakentogetherisgivenby 
 

𝑇𝐼𝐶𝑐𝑠𝑟(𝑁,𝑇,𝑇1,𝑇2) 
𝑛 𝑛 𝑛 𝑛 

1 
=

𝑇
[∑jo𝑟+∑𝐼𝐻𝑐𝑟j+∑𝐼𝐷𝑐𝑟j+∑𝐼𝑃𝑐𝑟j+𝑆𝑠𝑐 

j=1 
𝑇1 

j=1 
𝑃−𝐷 

j=1 
𝑇2 

j=1 
𝐷 𝐷 

+ℎ𝑠{∫ ( 
0 𝛾 

)(1−e−𝛾𝑡)𝑑𝑡+∫ ((𝐼𝑠1(𝑇1)+ 
𝑇1 

)e−𝛾(𝑡−𝑇1)− 
𝛾 

) 𝑑𝑡} 
𝛾 

𝑇1 

+𝑑𝑠{∫ 𝛾( 
0 

𝑇2 

𝑃−𝐷 

𝛾 
)(1−e−𝛾𝑡)𝑑𝑡 

 
𝐷 𝐷 

 
 

 
𝑇2 

+ ∫ 𝛾((𝐼𝑠1(𝑇1)+ 
𝑇1 

)e−𝛾(𝑡−𝑇1)− 
𝛾 

)𝑑𝑡}+𝐶𝑝∫  𝑃𝑑𝑡+𝑁(𝑎+𝑏𝑄𝑑)] 
𝛾 0 

(22) 
Thecombinedinventoryaveragecostisfunctionof𝑇,𝑇1,𝑇2onlyandtheoptimalvalueof 
𝑇,𝑇,𝑇 can  be  obtained  by  equating6𝑇𝐼𝐶𝑐𝑠r(𝑇,𝑇1,𝑇2)

=0;
6𝑇𝐼𝐶𝑐𝑠r(𝑇,𝑇1,𝑇2)

=0;6𝑇𝐼𝐶𝑐𝑠r(𝑇,𝑇1,𝑇2)
=0 and 

1 2 6𝑇 6𝑇1 6𝑇2 

necessaryconditionofHessianmatrixHwhichareasundersatisfied. 
 

∂𝑇𝐼𝐶𝑐𝑠𝑟(𝑇,𝑇1,𝑇2) 
 

⎛ ∂𝑇2 

∂2𝑇𝐼𝐶𝑐𝑠𝑟(𝑇,𝑇1,𝑇2) 
 

∂𝑇∂𝑇1 

∂2𝑇𝐼𝐶𝑐𝑠𝑟(𝑇,𝑇1,𝑇2) 
 

∂𝑇∂𝑇2 ⎞ 
⎜∂2𝑇𝐼𝐶𝑐𝑠𝑟(𝑇,𝑇1,𝑇2) ∂𝑇𝐼𝐶𝑐𝑠𝑟(𝑇,𝑇1,𝑇2) ∂2𝑇𝐼𝐶𝑐𝑠𝑟(𝑇,𝑇1,𝑇2)⎟ 

𝐻=⎜ ∂𝑇∂𝑇 ∂𝑇2 ∂𝑇∂𝑇 ⎟ 
⎜ 1 1 1 2 ⎟ 

∂2𝑇𝐼𝐶𝑐𝑠𝑟(𝑇,𝑇1,𝑇2) ∂2𝑇𝐼𝐶𝑐𝑠𝑟(𝑇,𝑇1,𝑇2) ∂𝑇𝐼𝐶𝑐𝑠𝑟(𝑇,𝑇1,𝑇2) 
  

𝗁 ∂𝑇1∂𝑇2 ∂𝑇2∂𝑇 ∂𝑇2
2 ⎠ 

Thenecessaryconditionfor𝑇,𝑇1,𝑇2tobeoptimalisthatthefirstprincipalminordeterminantofH,H11>0,s
econdprincipalminorH22>0 andthirdprincipalminorH33>0andoptimal 
valueofN(discretevalue)isfoundinsuchawaythatoptimalvalueof𝑇𝐼𝐶 (𝑇∗,𝑇∗,𝑇∗)is 
achieved.Here𝑇∗,𝑇∗,𝑇∗areoptimalvalues. 

𝑐𝑠𝑟 1 2 

1 2 
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{  1 1 −𝛾͠1𝑡 

+ )e 

{  1 2 −𝛾͠2𝑡 

2
 −𝛾͠2
𝑡 

+ )e 

{  1 3 −𝛾͠3𝑡 

3
 −𝛾͠3
𝑡 

+ )e 

 

5.0Formulationof InventoryModel (FuzzyModel) 
 

Uncertain situation cannot deal with crisp nature of parameters. In the present global 
marketscenario,thevalueofparameterslikedifferentcost,demandrate,productionrateanddeterioratio
n rate may fluctuate due to the several reasons and uncertainty like natural hazardsetc. The 
fluctuation in parameters at any time cannot be pre-determined until one reaches 
thesituationofthattime.Therefore,theonlypossibilityistoconsiderthepossiblerangeoffluctuation. To 
deal with such type of uncertain situation, a corresponding fuzzy model has 
beendeveloped,consideringvaguenessofsomeparameteraffectingthetotalinventorycost.Parameters
affectinginventorycostisconsideredastriangularfuzzynumbers.TheSignedDistance Method is used 
to solve the developed model to minimize the total inventory costandsensitivity of the fuzzy 
parameters are performed on fuzzy model. Also, sensitivity is performedanddeviation is 
observed. 
Usingequation(22)and fuzzyparameterswehave, 
𝛼͠𝑟=(�͠�1,�͠�2,𝛼͠3),�͠�𝑟=(�͠�1,𝛽͠2,�͠�3),𝛾͠𝑟𝑠=(�͠�1,�͠�2,�͠�3),𝑆͠𝑠𝑐=(�͠�1,𝑆͠2,�͠�3), 
𝑝͠𝑟=(�͠�1,𝑝͠2,�͠�3)and𝑃͠=(�͠�1,𝑃͠2,�͠�3) 

Therefore,fuzzy modelis givenby 
𝑇𝐼𝐶�͠�𝑠𝑟(𝑇͠,𝑇1͠,�͠�2)=(𝑇𝐼𝐶1͠𝑐𝑠𝑟(𝑁͠,�͠�,𝑇1͠,�͠�2),𝑇𝐼𝐶2͠𝑐𝑠𝑟(𝑁͠,�͠�,𝑇1͠,�͠�2),𝑇𝐼𝐶3͠𝑐𝑠𝑟(𝑁͠,�͠�,𝑇1͠,�͠�2)) (23) 

Where, 
 

𝑇𝐼𝐶͠ (𝑇͠,�͠�,𝑇͠)=1[∑𝑛 
 

jo +∑𝑛 
 

𝐼𝐻 +∑𝑛 
 

𝐼𝐷 +∑𝑛 
 

𝐼𝑃 
 

+ 𝑆͠+ℎ 
 

𝑇𝑃͠−𝐷 ∫   ( )(1−e ) 𝑑𝑡+ 
 

1𝑐𝑠𝑟 1 2 𝑇 j=1 𝑟 j=1 𝑐𝑟j j=1 𝑐𝑟j j=1 𝑐𝑟j 1 𝑠 0 𝛾͠1 

∫
𝑇2(((𝑄+

𝛼͠1    )e−(𝛽͠1+𝛾͠1)(𝑇1−(j−1)𝑇)−
𝛼͠1    +

𝐷
)e−𝛾͠1(𝑡−𝑇1)−

𝐷
) 𝑑𝑡}+𝑑 {∫

𝑇1�͠� (
𝑃1−͠𝐷

)(1−e−𝛾͠1𝑡)𝑑𝑡+ 
𝑇1 𝛽͠1+𝛾͠1 𝛽͠1+𝛾͠1 𝛾͠1 𝛾͠1 

𝑠 0 1 𝛾͠ 

∫
𝑇2�͠� (((𝑄+

𝛼͠1    )e−(𝛽͠1+𝛾͠1)(𝑇1−(j−1)𝑇)−
𝛼͠1 𝐷 −𝛾͠1(𝑡−𝑇1)−

𝐷
)𝑑𝑡}+𝐶   

∫
𝑇2�͠�𝑑𝑡+ 𝑁(𝑎+ 𝑏𝑄𝑑)] 

𝑇11 𝛽͠1+𝛾͠1 𝛽͠1+𝛾͠1 𝛾 𝛾͠1 𝑝0 1 

 

𝑇𝐼𝐶͠ (𝑇͠,�͠�,�͠�)=1[∑𝑛 
 

jo +∑𝑛 𝐼𝐻 +∑𝑛 𝐼𝐷 +∑𝑛 𝐼𝑃 + 𝑆͠+ℎ 𝑇𝑃͠−𝐷 ∫   ( )(1−e )𝑑𝑡+ 
 

2𝑐𝑠𝑟 1     2 𝑇 j=1 𝑟 j=1 𝑐𝑟j j=1 𝑐𝑟j j=1 𝑐𝑟j 2 𝑠 0 𝛾͠2 

 

∫
𝑇2(((𝑄+

𝛼͠2    )e−(𝛽͠2+𝛾͠2)(𝑇1−(j−1)𝑇)−
𝛼͠2    +

𝐷
)e−𝛾͠2(𝑡−𝑇1)−

𝐷
) 𝑑𝑡}+𝑑 {∫

𝑇1�͠� 𝑃͠−𝐷 ( )(1−e )𝑑𝑡+ 
𝑇1 𝛽͠2+𝛾͠2 𝛽͠2+𝛾͠2 𝛾͠2 𝛾͠2 

𝑠 0 2 𝛾͠2 

 

∫
𝑇2�͠� (((𝑄+

𝛼͠2    )e−(𝛽͠2+𝛾͠2)(𝑇1−(j−1)𝑇)−
𝛼͠2 𝐷 −𝛾͠2(𝑡−𝑇1)−

𝐷
)𝑑𝑡}+𝐶 ∫

𝑇2�͠�𝑑𝑡+ 𝑁(𝑎+ 𝑏𝑄𝑑)] 
𝑇12 𝛽͠2+𝛾͠2 𝛽͠2+𝛾͠2 𝛾 𝛾͠2 𝑝0 2 

 

𝑇𝐼𝐶͠ (𝑇͠,�͠�,�͠�)=1[∑𝑛 
 

jo +∑𝑛 𝐼𝐻 +∑𝑛 𝐼𝐷 +∑𝑛 𝐼𝑃 + 𝑆͠+ℎ 𝑇𝑃͠−𝐷 ∫   ( )(1−e )𝑑𝑡+ 
 

3𝑐𝑠𝑟 1     2 𝑇 j=1 𝑟 j=1 𝑐𝑟j j=1 𝑐𝑟j j=1 𝑐𝑟j 1 𝑠 0 𝛾͠3 

∫
𝑇2(((𝑄+

𝛼͠3    )e−(𝛽͠3+𝛾͠3)(𝑇1−(j−1)𝑇)−
𝛼͠3    +

𝐷
)e−𝛾͠3(𝑡−𝑇1)−

𝐷
) 𝑑𝑡}+𝑑 {∫

𝑇1�͠� 𝑃͠−𝐷 ( )(1−e )𝑑𝑡+ 
𝑇1 𝛽͠3+𝛾͠3 𝛽͠3+𝛾͠3 𝛾͠3 𝛾͠3 

𝑠 0 3 𝛾͠3 

∫
𝑇2�͠� (((𝑄+

𝛼͠3    )e−(𝛽͠3+𝛾͠3)(𝑇1−(j−1)𝑇)−
𝛼͠3 𝐷 −𝛾͠3(𝑡−𝑇1)−

𝐷
)𝑑𝑡}+𝐶 ∫

𝑇2�͠�𝑑𝑡+ 𝑁(𝑎+ 𝑏𝑄𝑑)] 
𝑇13 𝛽͠3+𝛾͠3 𝛽͠3+𝛾͠3 𝛾 𝛾͠3 𝑝0 3 

UsingSignedDistanceMethodtotalaverageinventorycanbecalculatedby 
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𝑇𝐼𝐶͠ (𝑇͠,𝑇͠,𝑇͠)=   
1
[𝑇𝐼𝐶͠ 

 

(𝑇,͠�͠�,�͠�)+2𝑇𝐼�͠� (�͠�,�͠�,�͠�)+𝑇𝐼𝐶 ͠ (𝑇͠,𝑇͠  ,𝑇͠)] (24) 
𝑐𝑠𝑟 1 2 4𝑇 1𝑐𝑠𝑟 1 2 2𝑐𝑠𝑟 1 2 3𝑐𝑠𝑟 1 2 

 
 

Theobjective is to  
minimize:𝑇𝐼�͠�𝑐𝑠𝑟(𝑇͠,�͠�1,�͠�2) 

Subjectto:(�͠�>0,�͠�1>0,�͠�2>0) 
 

Thecombinedinventoryaverage costisfunctionof𝑇͠,𝑇͠1,�͠�2onlyandtheoptimalvalue of 
𝑇͠,𝑇͠ ,�͠� canbeobtainedbyequating6𝑇𝐼𝐶͠𝑐𝑠𝑟(�͠�,�͠�1,�͠�2)

=0;
6𝑇𝐼𝐶͠𝑐𝑠𝑟(�͠�,�͠�1,�͠�2)

=0;
6𝑇𝐼𝐶͠𝑐𝑠𝑟(�͠�,�͠�1,�͠�2)

=0under 1 2 6𝑇 ͠ 6𝑇͠1 6𝑇͠2 

thenecessaryconditionofHessianmatrixH͠whichareasunderissatisfied. 
 

∂𝑇𝐼𝐶�͠�𝑠𝑟(�͠�,𝑇1͠,�͠�2) 
 

⎛ ∂𝑇͠2 

∂2𝑇𝐼𝐶�͠�𝑠𝑟(�͠�,𝑇1͠,�͠�2) 
 

∂�͠͠͠�∂𝑇1͠ 

∂2𝑇𝐼𝐶�͠�𝑠𝑟(𝑇,͠𝑇1͠,�͠�2) 
 

∂𝑇͠∂𝑇͠2 ⎞ 
⎜∂2𝑇𝐼𝐶�͠�𝑠𝑟(𝑇,͠𝑇1͠,�͠�2) 

 
 

∂𝑇𝐼𝐶�͠�𝑠𝑟(𝑇͠,𝑇1͠,�͠�2) 
 

 

∂2𝑇𝐼𝐶�͠�𝑠𝑟(𝑇,͠𝑇1͠,�͠�2)⎟ 
 

 H̃=⎜ 
⎜ 
⎜2 

∂𝑇1͠∂𝑇 ∂𝑇1
2

 
2 

⎟ 
∂𝑇1͠∂�͠�2 ⎟ 

⎟ 
∂𝑇𝐼𝐶�͠�𝑠𝑟(𝑇,͠𝑇1͠,�͠�2) 

 

𝗁 ∂𝑇1͠∂�͠�2 

∂𝑇𝐼𝐶�͠�𝑠𝑟(�͠�,𝑇1͠,�͠�2) 
 

∂𝑇͠2∂𝑇 

∂𝑇𝐼𝐶�͠�𝑠𝑟(�͠�,𝑇1͠,�͠�2) 
 

∂𝑇͠2
2 ⎠ 

 
 

The necessary condition for 𝑇͠, 𝑇͠1, �͠�2to be optimal is that the first principal minor determinant 
ofH͠,H̃11>0,secondprincipalminorH̃22>0andthirdprincipalminorH̃33>0andoptimal 
valueofN(discretevalue)isfoundinsuchawaythatoptimalvalueof𝑇𝐼𝐶 (𝑁,𝑇᷈∗,�᷈�∗,𝑇᷈∗)is 

achieved.Here𝑇᷈∗,�᷈�∗,𝑇᷈∗ areoptimalvalues. 
𝑐𝑠𝑟 1 2 

1 2 
 

6.0NumericalIllustrationformodels: 
To analyse the model, following example is taken. The exponential function has been solved 
uptosecond approximation.The values of parametersare notcollected from any real-life casestudy 
but these values are realistic and chosen randomly to illustrate and validate the 
model.Considering the value of parameters in an appropriate unit (displayed in Table-1 for crisp 
modeland in Table-3 for fuzzy model) and using suitablemathematical software, the optimal 
averageinventory cost has been obtained which are displayed in Table-2& Table-4 for two 
modelsseparately. Sensitivity analysis has been performed only for fuzzy model onfuzzy 
parameterconsideringchangeupper boundoftriangularfuzzy numbers. 

 
Table-1 

Parameter ℎ𝑟 ℎ𝑠 𝑑𝑟 𝑑𝑠 α Β γ o𝑟 𝑝𝑟 𝑠𝑐 𝑎 𝑏 𝑑 P 𝐶𝑠 N 

Example 0.8 0.7 0.9 0.95 50 0.2 0.02 90 20 200 40 0.03 95 150 5.0 2 

Table-2:CrispModel 
 

𝑇∗ 𝑇∗ 
1 𝑇∗ 

2 
𝑇𝐼𝐶 (𝑇∗,𝑇∗,𝑇∗) 

𝑐𝑠𝑟 1 2 

1.0689 3.0965 39.7485 191.795 
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Table-3: 
Parameter ℎ𝑟 ℎ𝑠 𝑑𝑟 𝑑𝑠 α Β γ o𝑟 𝑝𝑟 𝑠𝑐 𝑎 𝑏 𝑑 P 𝐶𝑠 N 

Example 0.8 0.7 0.9 0.95 50 0.2 0.02 90 20 180 40 0.03 95 150 5.0 2 

 
Parameter α Β γ 𝑝𝑟 𝑠𝑐 P 
Triangular
fuzzynum
ber 

(49,50,51) (0.19,0.2,0.21) (0.01,0.02,0.03) (15,20,25) (180,200,220) (100,150,200) 

 
Table-4:FuzzyModel 

Method 𝑇᷈∗ 𝑇᷈∗ 
1 

𝑇᷈∗ 
2 

𝑇𝐼�͠�𝑐𝑠𝑟(�᷈�∗,𝑇᷈∗,�᷈�∗) 
1 2 

SignedDistance 0.9412 2.5961 41.4928 190.183 

 
7. SensitivityPerformance 
FuzzyModel 
Table-5.1:Variationintotalinventorycostwithrespecttoproductionunit 

 
 

Variationintotalinventorycostwithrespectto 
P̃(100,150,250) 

 
Parameter→

Method 
↓ 

𝑇᷈∗ 𝑇᷈∗ 
1 

𝑇᷈∗ 
2 

𝑇𝐼�͠�𝑐𝑠𝑟(�᷈�∗,𝑇᷈∗,�᷈�∗) 
1 2 

SignedDistance 0.08193 2.2814 41.426 207.937 

 
Table-5.2:Variationintotalinventorycostwithrespecttopurchasecost 
 

Variationintotalinventorycostwithrespectto 
�͠�𝑟(15,20,30) 

 
Parameter→

Method 
↓ 

𝑇᷈∗ 𝑇᷈∗ 
1 

𝑇᷈∗ 
2 

𝑇𝐼�͠�𝑐𝑠𝑟(�᷈�∗,𝑇᷈∗,�᷈�∗) 
1 2 

SignedDistance 0.9814 2.6708 40.835 212.11 

 
Table-5.3:Variationintotalinventorycostwithrespectto fixeddemand 
 

Variationintotalinventorycostwithrespectto 
𝛼͠(49,50,60) 

 
Parameter→

Method 
↓ 

𝑇᷈∗ 𝑇᷈∗ 
1 

𝑇᷈∗ 
2 

𝑇𝐼�͠�𝑐𝑠𝑟(�᷈�∗,𝑇᷈∗,�᷈�∗) 
1 2 

SignedDistance 0.9847 2.7614 40.9868 213.509 
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Table-5.4:Variationintotalinventorycostwithrespecttoscalefactorofdemand 
 

Variationintotalinventorycostwithrespectto 
�͠�(0.19,0.20,0.23) 

 
Parameter→

Method 
↓ 

𝑇᷈∗ 𝑇᷈∗ 
1 

𝑇᷈∗ 
2 

𝑇𝐼�͠�𝑐𝑠𝑟(�᷈�∗,𝑇᷈∗,�᷈�∗) 
1 2 

SignedDistance 0.9814 2.6743 40.8189 187.208 

 

Table-5.5:Variationin totalinventory costwithrespecttodeteriorationrate 
 

Variationintotalinventorycostwithrespectto 
�͠�(0.01,0.02,0.035) 

 
Parameter→

Method 
↓ 

𝑇᷈∗ 𝑇᷈∗ 
1 

𝑇᷈∗ 
2 

𝑇𝐼�͠�𝑐𝑠𝑟(�᷈�∗,𝑇᷈∗,�᷈�∗) 
1 2 

SignedDistance 0.9116 2.5303 40.1561 191.458 

 
Resultanalysis ofCrispand Fuzzy model 

 
When all the given conditions and constraints are satisfied, the optimal solution is 
obtained.Table-2&Table-
4,revealsthattheaveragetotalrelevantaverageinventorycostinanappropriate unit is minimum in 
case of fuzzy model as compared to crisp model and cycle lengthof retailer and production time 
period of supplier are lower but total cycle length of suppliermoderately higher.Therefore, fuzzy 
model is more valuable in dealing with uncertain 
situationduetoflexibilityonchoosingarangeofvaluesofparametersinrespectoffutureplanning.Trend 
of change in the value of total average inventory cost of supply chain in case of fuzzyinventory 
model is illustrated by 2-D graphical representation in the figure- 3 for some selectedparameters. 
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Figure-3:RepresentingtrendofchangeinAverageinventorycost 
 

8. Sensitivityanalysisandobservance: 
Fromsensitivityperformance,thefollowingareobservationshavebeenmade:- 

1. If thereisincreaseintheuppervalueoftriangularfuzzynumberoffixeddemandparameter, 
keeping other same, the cycle length of retailer and production period 
ofsupplierandtotalcyclelengthofsupplierslightlyincreasesbuttheaverageinventorycostmode
ratelyincreases. 

2. If there is increase in the upper value of triangular fuzzy number of scale parameter 
ofdemand,keepingothersame,thecyclelengthofretailerandproductionperiodofsupplierandto
talcyclelengthofsupplierslightlyincreasesbuttheaverageinventorycostmoderately 
decreases. 

3. Ifthereisincreaseintheuppervalueoftriangularfuzzynumberofdeteriorationparameter, 
keeping other same, the cycle length of retailer and production period 
ofsupplierandtotalcyclelengthofsupplierslightlydecreasesbuttheaverageinventorycostover
all have noeffect. 

4. If there is increase in the upper value of triangular fuzzy number of purchased 
costparameter, keeping other same, the cycle length of retailer and production period 
ofsupplier have no more effect and total cycle length of supplier slightly increases but 
theaverageinventorycost moderately increases. 

5. If there is increase in the upper value of triangular fuzzy number of production 
parameter,keeping other same, the cycle length of retailer moderately decreases and there 
is slightdecrease in the production period of supplier but total cycle length of supplier 
have noeffectwhile averageinventorycost moderately increases. 

 
9.0Conclusion: 
This paper presents an integrated supply chain model to optimize total inventory cost of 
supplychain in which retailer and supplier are involved. Deterioration rate for both are taken to 
beconstantandsame.Demandofretailervarydependingupontheinventorylevelwhileperorder 
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demand is fixed. Crisp and a fuzzy model has been developed and models are validated 
throughnumerical example. A suitable mathematical software has been used to solve the 
optimizationproblem and results have been compared. Sensitivity analysis has been performed 
on somefuzzyparameters considering change in the upper value of triangular fuzzy number. It 
has 
beenobservedthatfuzzymodelismoreusefulthancrispmodeltodealwithfutureuncertainty.Furtherthis
modelcanbeextendedbyconsideringotherdemandpatternandtradecreditpaymentwithdifferent 
combinationofdeteriorationrateswith inflation. 
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