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AbstractInthismanuscript,weexpandtheconceptofgeneralizedalteringdistancefunctionandint
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alsoprovidedwhicharedirectconsequencesofourmainresults. 
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1. IntroductionandPreliminaries 

Fixedpointtheoryisabranchofmathematicsthatdealswiththestudyofmappingsthathavepoints 

that remain unchanged under the mapping process. It provides powerful tools 

andtechniques for analyzing the existence, uniqueness, and stability of fixed points in 

differentsettings.Fixedpointtheoryhasfoundapplicationsindiversefields. 

One of the most fundamental theorems in fixed point theory is the Banach fixed 

pointtheorem [3], also known as the contraction mapping principle. This theorem has 

numerousapplications in areas such as functional analysis, numerical analysis, differential 

equations,game theory etc. Stefan Banach valuable work has been built by generalizing the 

metricconditionsorbyimposingconditionsonthemetricspaces(see[1-18]). 

In this manuscript, we expand the concept of generalized altering distance function 

andintroducedageneralized(𝛼ƒ−𝛽𝜑)−contractivemappingsandgivefixedpointtheorems 

forsuchcontractionsinmetricspaces. 

Khan et al. [11] use a control function (altering distance function) they referred to as 

achangingdistancefunctionallowedthemtotacklenewfixedpointproblems. 

“Definition 1.1. [11] A function ƒ∶ [0, ∞) →   [0, ∞) is called an altering distance function 

ifthefollowingpropertiesaresatisfied 

(i) ƒ(0)=0ifandonlyif𝑡=0, 

(ii) ƒiscontinuousandmonotonicallynon-decreasing.” 
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Wefirstrecalltheauxiliaryfunctionsthatweshalluseeffectively. 

“Definition1.2.Let𝐾beaset,andlet𝑅beabinaryrelationon𝐾. We saythat𝑃∶𝐾→𝐾 

isan𝑅-preservingmappingif 

ⱨ,ⱪ∈𝐾∶ⱨ𝑅ⱪ⟹𝑃ⱨ𝑅𝑃ⱪ.” 

“Definition1.3.Letℵ∈ℕ.Wesaythat𝑅isℵ-transitiveon𝐾if 

ⱨ0, ⱨ1, … , ⱨℵ+1∈ 𝐾∶ ⱨi𝑅ⱨi+1, for all i∈ {0, 1, … , ℵ} ⟹ 

ⱨ0𝑅ⱨℵ+1.”“Remark1.4.Letℵ∈ℕ.Wehave: 

(i) If𝑅istransitive,thenitisℵ-transitive,forallℵ∈ℕ. 

(ii) If𝑅isℵ-transitive,thenitiseℵ-transitive,foralle∈ℕ.” 

“Definition1.5.Let(𝐾,𝑙)beametricspaceand𝑅1,𝑅2twobinaryrelationson𝐾.Wesaythat (𝐾, 𝑙) is (𝑅1, 

𝑅2)- regular if for sequence {ⱨ𝑡} in 𝐾such that ⱨ𝑡→ⱨ∈𝐾as 𝑡→∞, andⱨ𝑡𝑅1ⱨ𝑡+1, ⱨ𝑡𝑅2ⱨ𝑡+1,

 forall𝑡∈ℕ, 

thereexistsasubsequence{ⱨ𝑡(e)}suchthat 

ⱨ𝑡(e)𝑅1ⱨ, ⱨ𝑡(e)𝑅2ⱨ, foralle∈ℕ.” 

“Definition1.6.Wesaythatasubset𝐷of𝐾is(𝑅1,𝑅2)−directedifforallⱨ,ⱪ∈𝐷,thereexists𝑧∈𝐾suchthat 

ⱨ𝑅1𝑧𝖠ⱪ𝑅1𝑧andⱨ𝑅2𝑧𝖠ⱪ𝑅2𝑧.” 

“Definition1.7.Let𝐾beasetand𝛼,𝛽∶𝐾×𝐾→[0,+∞)aretwomappings.Definetwobinaryrelations𝑅1a

nd𝑅2on 𝐾by 

ⱨ,ⱪ∈𝐾:ⱨ𝑅1ⱪiff𝛼(ⱨ,ⱪ)≤1 

and 

ⱨ,ⱪ∈𝐾∶ⱨ𝑅2ⱪiff𝛽(ⱨ,ⱪ)≥1.” 

BerzigandKarapinar[4]introduced(𝛼ƒ,𝛽𝜑)−contractivemappingasgivenbelow: 
 

“Definition 1.8. Let (𝐾, 𝑙) be a metric space, and let 𝑃∶ 𝐾→ 𝐾be a given mapping. We 

saythat𝑃is(𝛼ƒ,𝛽ɸ)−contractivemappingsifthereexistsapairofgeneralizeddistance(ƒ,ɸ) 

suchthat 

ƒ(𝑙(𝑃ⱨ,𝑃ⱪ))≤𝛼(ⱨ,ⱪ)ƒ(𝑙(ⱨ,ⱪ))−𝛽(ⱨ,ⱪ)ɸ(𝑙(ⱨ,ⱪ)),forallⱨ,ⱪ∈𝐾, 

where𝛼,𝛽∶𝐾×𝐾→[0,+∞).” 

2. MainResults 

Definition2.1.Considerthepairofthefunctions(ƒ,𝜑)andthispairofthefunctionsissaid 

tobestronggeneralizedalteringdistancewhereƒ,𝜑∶[0,∞)→[0,∞)ifthefollowing conditionshold: 
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(𝐶1)ƒ(0)=0, 

(𝐶2)ƒiscontinuous, 

(𝐶3)ƒisnon-decreasing, 

(𝐶4)Lim𝜑(𝑥𝑡)=0⟹lim𝑥𝑡=0. 
𝑡→∞ 𝑡→∞ 

Popescuin[16]andMoradiandFarajzadeh[15]introducedcondition(C4). 

Definition 2.2. Let (𝐾, 𝑙) be a metric space, and let 𝑃∶   𝐾 → 𝐾be a given mapping. We 

saythat𝑃isgeneralized(𝛼ƒ,𝛽𝜑)−contractivemappingsifthereexistsapairofgeneralized 

distance(ƒ,𝜑)suchthat 

ƒ(𝑙(𝑃ⱨ,𝑃ⱪ))≤𝛼(ⱨ,ⱪ)ƒ(𝑍(ⱨ,ⱪ))−𝛽(ⱨ,ⱪ)𝜑(𝑍(ⱨ,ⱪ)), for all ⱨ,ⱪ∈𝐾, 

(2.1) 

where𝑍(ⱨ,ⱪ)=max{𝑙(ⱨ,ⱪ),𝑙(ⱨ,𝑃ⱨ),𝑙(ⱪ,𝑃ⱪ),
𝑙(ⱨ,𝑃ⱨ)+𝑙(ⱪ,𝑃ⱪ)

}, 
2 

and𝛼,𝛽∶𝐾×𝐾→[0,∞). 

Theorem2.3.Let(𝐾, 𝑙)beacompletemetricspace,ℕ0 ∈ ℕ⋃{0},andlet𝑃 ∶ 𝐾 → 

𝐾begeneralized(𝛼ƒ,𝛽𝜑)−contractivemappingsatisfyingthefollowingconditions: 

(i) 𝑅iis𝑁−transitivefori=1,2; 

(ii) 𝑃is𝑅i−transitivefori=1,2; 

(iii) There existsⱨ0∈𝐾suchthat ⱨ0𝑅i𝑃ⱨ0fori=1,2; 

(iv) 𝑃iscontinuous. 

Then𝑃hasafixedpoint,thatis,thereexistsⱨ∈𝐾suchthat𝑃ⱨ=ⱨ. 

ProofLetⱨ0∈𝐾suchthatⱨ0𝑅i𝑃ⱨ0fori=1,2.Letsequence{ⱨ𝑡}bedefinedbyrecursiverelationⱨ𝑡+1=𝑃ⱨ𝑡,f

orall𝑡≥0. 

Ifⱨ𝑡=ⱨ𝑡+1, forsome𝑡≥0, thenⱨ=ⱨ𝑡isafixedpointof𝑃. 

Assumethatⱨ𝑡≠ⱨ𝑡+1, forall𝑡≥0. 

Form(ii)and(iii),weobtain 

ⱨ0𝑅1𝑃ⱨ0⇒𝛼(ⱨ0, 𝑃ⱨ0)=𝛼(ⱨ0, ⱨ1)≤1⟹𝛼(𝑃ⱨ0, 𝑃ⱨ1)=𝛼(ⱨ1,ⱨ2)≤1. 

Similarly,wehave 

ⱨ0𝑅2𝑃ⱨ0⇒𝛽(ⱨ0,𝑃ⱨ0)=𝛽(ⱨ0, ⱨ1)≥1⟹𝛽(𝑃ⱨ0, 𝑃ⱨ1)=𝛽(ⱨ1,ⱨ2)≥1. 

ByPrincipalofMathematicalinductionandusingcondition(ii),wehave 

𝛼(ⱨ𝑡,ⱨ𝑡+1)≤1, for all

 𝑡≥0.(2.2) 

and,similarly,wehave 
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𝛽(ⱨ𝑡,ⱨ𝑡+1)≥1, for all

 𝑡≥0.(2.3) 

Substitutingⱨ=ⱨ𝑡andⱪ=ⱨ𝑡+1in(2.1),weobtain 

ƒ(𝑙(𝑃ⱨ𝑡,𝑃ⱨ𝑡+1))≤𝛼(ⱨ𝑡,ⱨ𝑡+1)ƒ(𝑍(ⱨ𝑡,ⱨ𝑡+1))−𝛽(ⱨ𝑡,ⱨ𝑡+1)𝜑(𝑍(ⱨ𝑡,ⱨ𝑡+1)), 

(2.4) 

Using (2.2) and (2.3) in inequality (2.4), we 

obtainƒ(𝑙(ⱨ𝑡+1,ⱨ𝑡+2))≤ƒ(𝑍(ⱨ𝑡,ⱨ𝑡+1))−𝜑(𝑍(ⱨ𝑡,ⱨ𝑡+1)

), (2.5) 

where𝑍(ⱨ𝑡,ⱨ𝑡+1) 

 
=max{𝑙(ⱨ,ⱨ 

 
),𝑙(ⱨ,𝑃ⱨ  ),𝑙(ⱨ 

 
,𝑃ⱨ ),

𝑙(ⱨ𝑡,𝑃ⱨ𝑡)+𝑙(ⱨ𝑡+1,𝑃ⱨ𝑡+1)
}
 

𝑡 𝑡+1 𝑡 𝑡 𝑡+1 𝑡+1 2 
 

=max{𝑙(ⱨ𝑡,ⱨ 
 

𝑡+1 ),𝑙(ⱨ𝑡,ⱨ 
 

𝑡+1 ),𝑙(ⱨ 
 

𝑡+1 ,ⱨ𝑡+2 ),
𝑙(ⱨt,ⱨt+1)+𝑙(ⱨt+1,ⱨt+2)

}
2 

=max{𝑙(ⱨ𝑡,ⱨ 
 

𝑡+1 ),𝑙(ⱨ𝑡+1 ,ⱨ𝑡+2 ),
𝑙(ⱨt,ⱨt+1)+𝑙(ⱨt+1,ⱨt+2)

}. 
2 

Case(i)If𝑍(ⱨ𝑡,ⱨ𝑡+1)=𝑙(ⱨ𝑡,ⱨ𝑡+1).From(2.5

),weget 

 

thisimplies, 

ƒ(𝑙(ⱨ𝑡+1,ⱨ𝑡+2))≤ƒ(𝑙(ⱨ𝑡,ⱨ𝑡+1))−𝜑(𝑙(ⱨ𝑡,ⱨ𝑡+1)), 

 
 

ƒ(𝑙(ⱨ𝑡+1,ⱨ𝑡+2))≤ƒ(𝑙(ⱨ𝑡,ⱨ𝑡+1)). 

Sinceƒisnon-

decreasingfunction.Therefore,𝑙(ⱨ𝑡+1, 

ⱨ𝑡+2)≤𝑙(ⱨ𝑡, ⱨ𝑡+1).Case (ii) If 𝑍(ⱨ𝑡, 

ⱨ𝑡+1)=𝑙(ⱨ𝑡+1, ⱨ𝑡+2).From(2.5),weget 

ƒ(𝑙(ⱨ𝑡+1,ⱨ𝑡+2))≤ƒ(𝑙(ⱨ𝑡+1,ⱨ𝑡+2))−𝜑(𝑙(ⱨ𝑡+1,ⱨ𝑡+2)). 

Sinceƒisnon-decreasingfunction. 

Therefore,aboveinequalityholdsonlywhen𝑙(ⱨ𝑡+1,ⱨ𝑡+2)=0,thisimplie

s, 

ⱨ𝑡+1=ⱨ𝑡+2,whichisacontradiction.He

nceoursuppositionwaswrong. 

Therefore,𝑍(ⱨ𝑡,ⱨ𝑡+1)≠𝑙(ⱨ𝑡+1,ⱨ𝑡+2). 

Fromabovediscussedcases,weget𝑙(ⱨ𝑡+1,ⱨ𝑡+2)≤𝑙(ⱨ𝑡,ⱨ𝑡+1). 

Itshowsthatsequence{𝑙(ⱨ𝑡,ⱨ𝑡+1)}ismonotonicallydecreasing. 
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From above discussed cases, we also get 𝑍(ⱨ𝑡,ⱨ𝑡+1)=𝑙(ⱨ𝑡,ⱨ𝑡+1). 

(2.6) 

Using(2.6)in(2.5),weobtain 

ƒ(𝑙(ⱨ𝑡+1,ⱨ𝑡+2))≤ƒ(𝑙(ⱨ𝑡,ⱨ𝑡+1))−𝜑(𝑙(ⱨ𝑡,ⱨ𝑡+1)), 

(2.7) 

Thus, there exists 𝑟∈ℝ+ such that lim𝑙(ⱨ𝑡,ⱨ𝑡+1)=𝑟. 
𝑡→∞ 

(2.8) 

Wewillprovethat𝑟=0. 

Letting𝑡→∞ininequality(2.7),weget 

limƒ(𝑙(ⱨ𝑡+1,ⱨ𝑡+2))≤limƒ(𝑙(ⱨ𝑡,ⱨ𝑡+1))−lim𝜑(𝑙(ⱨ𝑡,ⱨ𝑡+1)), 
𝑡→∞ 𝑡→∞ 𝑡→∞ 

Using(2.8)inaboveinequality,weget 

ƒ(𝑟)≤ƒ(𝑟)−lim𝜑(𝑙(ⱨ𝑡,ⱨ𝑡+1)), 
𝑡→∞ 

thisimplies, 
 

 
Byusingcondition(C3),weget 

 

 
(2.9) 

 

lim𝜑(𝑙(ⱨ𝑡,ⱨ𝑡+1))=0, 
𝑡→∞ 

 
 

lim𝑙(ⱨ𝑡,ⱨ𝑡+1)=0. 
𝑡→∞ 

Ontheotherhand,by(2.2)and(i),weobtain 
 

𝛼(ⱨ𝑢,ⱨ𝑢+e𝑁+1)≤1 

(2.10) 

for all 𝑢,e≥0. 

and,similarly,wehave    

𝛽(ⱨ𝑢,ⱨ𝑢+e𝑁+1)≥1 

(2.11) 

for all 𝑢,e≥0. 

Now,substitutingⱨ=ⱨ𝑢andⱪ=ⱨ𝑢𝘍in(2.1),where𝑢′=𝑢+e𝑁+1,forsome𝑢,e≥0, 

weobtain 

ƒ(𝑙(𝑃ⱨ𝑢,𝑃ⱨ𝑢𝘍))≤𝛼(ⱨ𝑢,ⱨ𝑢𝘍)ƒ(𝑍(ⱨ𝑢,ⱨ𝑢𝘍))−𝛽(ⱨ𝑢,ⱨ𝑢𝘍)𝜑(𝑍(ⱨ𝑢,ⱨ𝑢𝘍)), 

(2.12) 

where𝑍(ⱨ𝑢, ⱨ𝑢𝘍) 

 
=  max{𝑙 

 
(ⱨ𝑢,ⱨ𝑢𝘍),𝑙(ⱨ𝑢,𝑃ⱨ𝑢),𝑙(ⱨ𝑢𝘍,𝑃ⱨ𝑢𝘍), 

 ( 

𝑙(ⱨ𝑢,𝑃ⱨ𝑢)+𝑙(ⱨ𝑢𝘍,𝑃ⱨ𝑢𝘍) 

2 
} 

𝑙(ⱨu,ⱨu+1)+𝑙(ⱨu𝘍,ⱨ   𝘍) 
 

=max{𝑙ⱨ𝑢,ⱨ𝑢𝘍),𝑙(ⱨ𝑢, ⱨ𝑢+1),𝑙(ⱨ𝑢𝘍, ⱨ𝑢𝘍+1), 
2 

}. 
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}

Using inequalities (2.10), (2.11) in (2.12), we 

getƒ(𝑙(𝑃ⱨ𝑢,𝑃ⱨ𝑢𝘍))≤ƒ(𝑍(ⱨ𝑢,ⱨ𝑢𝘍))−𝜑(𝑍(ⱨ𝑢,ⱨ𝑢𝘍)), 

(2.13) 

where𝑍(ⱨ𝑢,ⱨ𝑢𝘍)= 

max{𝑙(ⱨ𝑢 ,ⱨ𝑢 𝘍),𝑙(ⱨ𝑢 ,ⱨ𝑢+1 

 

),𝑙(ⱨ 𝑢𝘍,ⱨ 
 

𝑢𝘍+1 ),
𝑙(ⱨu,ⱨu+1)+𝑙(ⱨu𝘍,ⱨu𝘍+1)  

.
 

2 

Nowwehavethreedifferentsubcases.Subcas

e(i)If𝑍(ⱨ𝑢,ⱨ𝑢𝘍)=𝑙(ⱨ𝑢,ⱨ𝑢𝘍). 

Theninequality(2.13)becomes 

ƒ(𝑙(ⱨ𝑢+1,ⱨ𝑢𝘍+1))≤ƒ(𝑙(ⱨ𝑢,ⱨ𝑢𝘍))−𝜑(𝑙(ⱨ𝑢,ⱨ𝑢𝘍)). 

Similarly,fromcase(i),weget𝑙(ⱨ𝑢+1,ⱨ𝑢𝘍+1)≤𝑙(ⱨ𝑢,ⱨ𝑢𝘍). 

Itshowsthatsequence{𝑙(ⱨ𝑢, ⱨ𝑢𝘍)}ismonotonicallydecreasing. 

Nowrepeatingthesamestepsasafterequation(2.8),weobtain 

lim𝑙(ⱨ𝑢,ⱨ𝑢𝘍)=0. 
𝑢→∞ 

Subcase(ii)If𝑍(ⱨ𝑢, ⱨ𝑢𝘍)=𝑙(ⱨ𝑢, ⱨ𝑢+1). 

Theninequality(2.13)becomes 

ƒ(𝑙(ⱨ𝑢+1,ⱨ𝑢𝘍+1))≤ƒ(𝑙(ⱨ𝑢,ⱨ𝑢+1))−𝜑(𝑙(ⱨ𝑢,ⱨ𝑢+1)), 

Letting𝑢→∞andusing(2.9),weget 

limƒ(𝑙(ⱨ𝑢+1,ⱨ𝑢𝘍+1))=0, 
𝑢→∞ 

thisimplies,  

lim𝑙(ⱨ𝑢+1,ⱨ𝑢𝘍+1)=0. 
𝑢→∞ 

Subcase(iii)If𝑍(ⱨ𝑢,ⱨ𝑢𝘍)=𝑙(ⱨ𝑢𝘍,ⱨ𝑢𝘍+1). 

Theninequality(2.13)becomes 

ƒ(𝑙(ⱨ𝑢+1,ⱨ𝑢𝘍+1))≤ƒ(𝑙(ⱨ𝑢𝘍,ⱨ𝑢𝘍+1))−𝜑(𝑙(ⱨ𝑢𝘍,ⱨ𝑢𝘍+1)). 

Similarly,fromsubcase(ii),weget 

lim𝑙(ⱨ𝑢+1,ⱨ𝑢𝘍+1)=0. 
𝑢→∞ 

Fromallabovediscussedsubcases,weconcludethat 

lim𝑙(ⱨ𝑢,ⱨ𝑢𝘍)=0. 
𝑢→∞ 

(2.14) 

Next,wewillprovethat{ⱨ𝑡}isCauchysequence.Suppose,tothecontrary,that{ⱨ𝑡}isnotaCauchyseq

uence. 
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Thenthereis∈>0 andsequences{𝑢(e)} and{𝑡(e)}suchthat,forallpositiveintegerse,wehave 

 

(2.15) 

𝑡(e)>𝑢(e)>e, 𝑙(ⱨ𝑢(e),ⱨ𝑡(e))≥∈ and 𝑙(ⱨ𝑢(e),ⱨ𝑡(e)−1)<∈ 

Thenwehave 

∈≤𝑙(ⱨ𝑢(e),ⱨ𝑡(e))≤ 𝑙(ⱨ𝑢(e),ⱨ𝑡(e)−1)+𝑙(ⱨ𝑡(e)−1,ⱨ𝑡(e))<∈+𝑙(ⱨ𝑡(e)−1,ⱨ𝑡(e)) 

Lettinge→∞andusing(2.9),weget 

lim 𝑙(ⱨ𝑢(e),ⱨ𝑡(e))=∈. (2.16) 
e→∞ 

Furthermore,foreache≥0,thereexists𝜇e,5e>0suchthat𝑢′(e)=𝑢(e)+𝑁𝜇e+1+1= 

𝑡(e)+5e. 

𝑢𝘍(e)−1 

∈≤ 𝑙(ⱨ𝑢(e),ⱨ𝑢𝘍(e))≤ 𝑙(ⱨ𝑢(e),ⱨ𝑡(e)−1)+ ∑ 𝑙(ⱨi,ⱨi+1) <∈+ 
i=𝑡(e)−1 

𝑢𝘍(e)−1 

∑ 𝑙(ⱨi,ⱨi+1) 

i=𝑡(e)−1 

Again,lettinge→∞andusing(2.9),weget 

lim𝑙(ⱨ𝑢(e),ⱨ𝑢𝘍(e))=∈. 
e→∞ 

(2.17) 

Again 

𝑙(ⱨ𝑢(e),ⱨ𝑢𝘍(e))≤𝑙(ⱨ𝑢(e),ⱨ𝑢(e)−1)+𝑙(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1)+𝑙(ⱨ𝑢𝘍(e)−1,ⱨ𝑢𝘍(e)), 

𝑙(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1)≤𝑙(ⱨ𝑢(e)−1,ⱨ𝑢(e))+𝑙(ⱨ𝑢(e),ⱨ𝑢𝘍(e))+𝑙(ⱨ𝑢𝘍(e),ⱨ𝑢𝘍(e)−1) 

Lettinge→∞inaboveinequalities,using(2.9),(2.14)and(2.17),weget 

lim 
e→∞ 

𝑙(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1)=∈. 

(2.18) 

Substitutingⱨ= ⱨ𝑢(e)−1andⱪ=ⱨ𝑢𝘍(e)−1in(2.1),wehave 

ƒ(𝑙(𝑃ⱨ𝑢(e)−1,𝑃ⱨ𝑢𝘍(e)−1))≤𝛼(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1)ƒ(𝑍(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1))− 
 

𝛽(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1)𝜑 (𝑍(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1)) 

Using(2.10)and(2.11)inaboveinequality,weget 

ƒ(𝑙(ⱨ𝑢(e),ⱨ𝑢𝘍(e)))≤  ƒ(𝑍(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1))−𝜑(𝑍(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1)), 

(2.19) 

where𝑍(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1) 
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𝑙(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1),𝑙(ⱨ𝑢(e)−1,𝑃ⱨ𝑢(e)−1),𝑙(ⱨ𝑢𝘍(e)−1,𝑃ⱨ𝑢𝘍(e)−1), 
=max{ 𝑙(ⱨ𝑢(e)−1,𝑃ⱨ𝑢(e)−1)+𝑙(ⱨ𝑢𝘍(e)−1,𝑃ⱨ𝑢𝘍(e)−1) } 

 

2 

𝑙(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1),𝑙(ⱨ𝑢(e)−1,ⱨ𝑢(e)),𝑙(ⱨ𝑢𝘍(e)−1,ⱨ𝑢𝘍(e)), 
=max{ 𝑙(ⱨu(e)−1,ⱨu(e))+𝑙(ⱨu𝘍(e)−1,ⱨu𝘍(e)) }. 

 

2 

Subsubcase(i)If𝑍(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1)=𝑙(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1). 

Theninequality(2.19)becomes 

ƒ(𝑙(ⱨ𝑢(e),ⱨ𝑢𝘍(e)))≤  ƒ(𝑙(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1))−𝜑(𝑙(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1)), 

Lettinge→∞inaboveinequality,using(2.17),(2.18)andthecontinuityofƒand𝜑,weget 

ƒ(∈)≤ƒ(∈)−lim𝜑(𝑙(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1)). 
e→∞ 

Usingthecondition(C3),weconcludethat∈=0. 

Subsubcase(ii)If(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1)=𝑙(ⱨ𝑢(e)−1,ⱨ𝑢(e)). 

Theninequality(2.19)becomes 

ƒ(𝑙(ⱨ𝑢(e),ⱨ𝑢𝘍(e)))≤ƒ(𝑙(ⱨ𝑢(e)−1,ⱨ𝑢(e))) −𝜑(𝑙(ⱨ𝑢(e)−1,ⱨ𝑢(e))), 

Lettinge→ ∞inaboveinequality,using(2.9)andthecontinuityofƒand𝜑,weget 

ƒ(∈)≤ƒ(0)−𝜑(0)=0, 

thisimplies, 

ƒ(∈)=0⟹∈=0. 

Subsubcase(iii)If𝑍(ⱨ𝑢(e)−1,ⱨ𝑢𝘍(e)−1)=𝑙(ⱨ𝑢𝘍(e)−1,ⱨ𝑢𝘍(e)). 

Theninequality(2.19)becomes 

ƒ(𝑙(ⱨ𝑢(e),ⱨ𝑢𝘍(e)))≤ ƒ(𝑙(ⱨ𝑢𝘍(e)−1,ⱨ𝑢𝘍(e)))−𝜑(𝑙(ⱨ𝑢𝘍(e)−1,ⱨ𝑢𝘍(e))). 

Lettinge→∞ inaboveinequality,using(2.9)andthecontinuityofƒand𝜑,weget 

ƒ(∈)≤ƒ(0)−𝜑(0)=0, 

thisimplies, 

ƒ(∈)=0⟹∈=0. 

Fromallabovediscussedthreesubsubcases,wefind∈=0,which isacontractionwith ∈>0. 

Henceoursuppositionwaswrong.Hence,therefore{ⱨ𝑡}isaCauchysequence. 

Since(𝐾,𝑙)isacompletemetricspace,thenthereisⱨ∈𝐾suchthatlimⱨ𝑡=ⱨ. 
𝑡→∞ 

Since𝑃iscontinuous,thenwehave 
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) } 

ⱨ=limⱨ𝑡+1=lim𝑃ⱨ𝑡=𝑃ⱨ. 
𝑡→∞ 𝑡→∞ 

Duetouniquenessofthelimit,wederivethat𝑃ⱨ=ⱨ,thatis,ⱨisafixedpoint𝑃. 

Theorem2.4InTheorem2.3,if wereplace the continuityof 𝑃bythe (𝑅1, 𝑅2) 

−regularityof(𝐾,𝑙),thentheconclusionofTheorem2.3holds. 

Proof Following the proof of Theorem 2.3, we know that  the sequence  {ⱨ𝑡}  defined 

byⱨ𝑡+1 = 𝑃ⱨ𝑡for all 𝑡≥ 0,converges to some ⱨ ∈ 𝐾.Since (𝐾, 𝑙)is a complete metric 

space,thenthereexistsⱨ∈𝐾suchthatⱨ𝑡→ⱨas𝑡→∞. 

Furthermore,thesequence{ⱨ𝑡}satisfies(2.2)and(2.3),thatis, 

ⱨ𝑡𝑅1ⱨ𝑡+1, ⱨ𝑡𝑅2ⱨ𝑡+1, forall𝑡∈ℕ. 

Now, since is (𝑅1, 𝑅2) −regular, then there exists a subsequence {ⱨ𝑡(e)} of {ⱨ𝑡} such 

thatⱨ𝑡(e)𝑅1ⱨ, that is, 𝛼(ⱨ𝑡(e), ⱨ) ≤ 1 and   ⱨ𝑡(e)𝑅2ⱨ,   that   is,   𝛽(ⱨ𝑡(e), ⱨ) ≥ 1,   for   all   

e.(2.20) 

Substitutingⱨ=ⱨ𝑡(e)andⱪ=ⱨ,in(2.1),weobtain 

ƒ(𝑙(𝑃ⱨ𝑡(e),𝑃ⱨ))≤𝛼(ⱨ𝑡(e),ⱨ)ƒ(𝑍(ⱨ𝑡(e),ⱨ))−𝛽(ⱨ𝑡(e),ⱨ)𝜑(𝑍(ⱨ𝑡(e),ⱨ)),foralle. 

Using(2.20)inaboveinequality,weobtain 

ƒ(𝑙(𝑃ⱨ𝑡(e),𝑃ⱨ))≤ƒ(𝑍(ⱨ𝑡(e),ⱨ))−𝜑(𝑍(ⱨ𝑡(e),ⱨ)), for all e, 

(2.21) 
 

where𝑍(ⱨ 

 
 

𝑡(e) 

 
,ⱨ)=max{𝑙(ⱨ 

 
 

𝑡(e) 

 
,ⱨ),𝑙(ⱨ 

 
 

𝑡(e) 

 

,ⱨ𝑡(e)+1 ,𝑙(ⱨ,𝑃ⱨ),
𝑙(ⱨt(e),𝑃ⱨt(e))+𝑙(ⱨ,𝑃ⱨ) 

2 

Case(i)If𝑍(ⱨ𝑡(e),ⱨ)=𝑙(ⱨ𝑡(e),ⱨ). 

Theninequality(2.21)becomes 

ƒ(𝑙(ⱨ𝑡(e)+1, 𝑃ⱨ))≤ƒ(𝑙(ⱨ𝑡(e),ⱨ))−𝜑(𝑙(ⱨ𝑡(e),ⱨ)),foralle. 

thisimplies, 
 

ƒ(𝑙(ⱨ𝑡(e)+1,𝑃ⱨ))≤ƒ(𝑙(ⱨ𝑡(e),ⱨ)),forall e. 

Sinceƒisnon-decreasing function.Therefore, 

𝑙(ⱨ𝑡(e)+1,𝑃ⱨ)≤ 𝑙(ⱨ𝑡(e),ⱨ),foralle. 

Lettinge→∞inaboveinequality,weobtain 

𝑙(ⱨ,𝑃ⱨ)=0⟹ⱨ=𝑃ⱨ. 

Case(ii)If𝑍(ⱨ𝑡(e),ⱨ)=𝑙(ⱨ𝑡(e),ⱨ𝑡(e)+1). 

Theninequality(2.21)becomes 

ƒ(𝑙(ⱨ𝑡(e)+1,𝑃ⱨ))≤ƒ(𝑙(ⱨ𝑡(e),ⱨ𝑡(e)+1))−𝜑(𝑙(ⱨ𝑡(e),ⱨ𝑡(e)+1)),foralle. 
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Lettinge→∞inaboveinequality,weobtain 

𝑙(ⱨ,𝑃ⱨ)=0⟹ⱨ=𝑃ⱨ. 

Case (iii) If𝑍(ⱨ𝑡(e),ⱨ)=𝑙(ⱨ,𝑃ⱨ). 

Theninequality(2.21)becomes 

ƒ(𝑙(ⱨ𝑡(e)+1,𝑃ⱨ))≤ƒ(𝑙(ⱨ,𝑃ⱨ))−𝜑(𝑙(ⱨ,𝑃ⱨ)),foralle. 

Lettinge→ ∞inaboveinequality,andthecontinuityofƒand𝜑,weget 

ƒ(𝑙(ⱨ,𝑃ⱨ))≤ƒ(𝑙(ⱨ,𝑃ⱨ))−𝜑(𝑙(ⱨ,𝑃ⱨ)),foralle. 
 

 
 

Byusingcondition(C3),weget 

lim 
e→∞ 

𝜑(𝑙(ⱨ,𝑃ⱨ))=0. 

𝑙(ⱨ,𝑃ⱨ)=0⟹ⱨ=𝑃ⱨ. 

Fromallabovediscussedthreecases,weget𝑃ⱨ = ⱨ. 

Theorem2.5.AddingtothehypothesesofTheorem2.3(respectively,Theorem2.4)that𝐾is 

(𝑅1,𝑅2)−directed,weobtainuniquenessofthefixedpointof𝑃. 

ProofSupposethatⱨandⱪaretwofixedpointsof𝑃.Since𝐾is(𝑅1,𝑅2)−directed,thereexists𝑧∈𝐾suchthat 

𝛼(ⱨ,𝑧)≤1,𝛼(ⱪ,𝑧)≤1.(2.2

2) 

and 

𝛽(ⱨ,𝑧)≥1,𝛽(ⱪ,𝑧)≥1.(2.2

3) 

Since𝑃is𝑅i−preservingfori=1,2,from(2.22)and(2.23),weget 
 

𝛼(ⱨ,𝑃𝑡𝑧)≤1,𝛼(ⱪ,𝑃𝑡𝑧)≤1, for all 𝑡≥0. 

(2.24)    

and    

𝛽(ⱨ,𝑃𝑡𝑧)≥1,𝛽(ⱪ,𝑃𝑡𝑧)≥1, for all 𝑡≥0. 

(2.25)    

Substitutingⱨ=ⱨ,ⱪ=𝑃𝑡𝑧in(2.1),wehave    

ƒ(𝑙(𝑃ⱨ,𝑃(𝑃𝑡𝑧)))≤𝛼(ⱨ,𝑃𝑡𝑧)ƒ(𝑍(ⱨ,𝑃𝑡𝑧))−𝛽(ⱨ,𝑃𝑡𝑧)𝜑(𝑍(ⱨ,𝑃𝑡𝑧)). 

(2.26) 

Using(2.24),(2.25)and(2.1),weobtain 

ƒ(𝑙(ⱨ,𝑃𝑡+1𝑧))≤ƒ(𝑍(ⱨ,𝑃𝑡𝑧))−𝜑(𝑍(ⱨ,𝑃𝑡𝑧)), (2.27) 
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where𝑍(ⱨ,𝑃𝑡𝑧)=max{𝑙(ⱨ,𝑃𝑡𝑧),𝑙(ⱨ,𝑃ⱨ),𝑙(𝑃𝑡𝑧,𝑃𝑡+1𝑧),
𝑙(ⱨ,𝑃ⱨ)+𝑙(𝑃t𝑍,𝑃t+1𝑍)

 
2 

 

=max {𝑙(ⱨ,𝑃𝑡𝑧),𝑙(𝑃𝑡𝑧,𝑃𝑡+1𝑧),
𝑙(𝑃t𝑍,𝑃t+1𝑍)

}. 
2 

Case(i)If𝑍(ⱨ,𝑃𝑡𝑧)=𝑙(ⱨ,𝑃𝑡𝑧). 

Theninequality(2.27)becomes 

ƒ(𝑙(ⱨ,𝑃𝑡+1𝑧))≤ƒ(𝑙(ⱨ,𝑃𝑡𝑧))−𝜑(𝑙(ⱨ,𝑃𝑡𝑧)), for all 𝑡≥0. 

(2.28) 

Sinceƒisnon-decreasingfunction. 

𝑙(ⱨ,𝑃𝑡+1𝑧)≤𝑙(ⱨ,𝑃𝑡𝑧),forall𝑡≥0. 

Itfollowsthatthesequence{𝑙(ⱨ,𝑃𝑡+1𝑧)}isdecreasing.Thusthereexists𝑟≥0suchthat 

lim𝑙(ⱨ,𝑃𝑡+1𝑧)=𝑟. 
𝑡→∞ 

Weclaimthat𝑟=0. 

Letting𝑡→∞in(2.28),weget 

ƒ(𝑟)≤ƒ(𝑟)−lim𝜑(𝑙(ⱨ,𝑃𝑡𝑧)), 
𝑡→∞ 

thisimplies, 
 

 
(2.29) 

 

lim𝜑(𝑙(ⱨ,𝑃𝑡𝑧))=0. 
𝑡→∞ 

Bycondition(C3),weobtain 

lim𝑙(ⱨ, 𝑃𝑡𝑧)=0. 
𝑡→∞ 

(2.30) 

Similarly,weget 

 
 
 

lim𝑙(ⱪ,𝑃𝑡𝑧)=0. 
𝑡→∞ 

Using(2.29)and(2.30),theuniquenessofthelimitgivesusⱨ= ⱪ. 

Case(ii)If𝑍(ⱨ,𝑃𝑡𝑧)=𝑙(𝑃𝑡𝑧,𝑃𝑡+1𝑧) 

Theninequality(2.27)becomes 

ƒ(𝑙(ⱨ,𝑃𝑡+1𝑧))≤ƒ(𝑙(𝑃𝑡𝑧,𝑃𝑡+1𝑧))−𝜑(𝑙(𝑃𝑡𝑧,𝑃𝑡+1𝑧)), for all 𝑡≥0 

(2.31) 

Letting𝑡→∞in(2.31),weget 

limƒ(𝑙(ⱨ,𝑃𝑡𝑧))=0, 
𝑡→∞ 

thisimplies, 
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(2.32) 

Similarly,weget 
 

 
(2.33) 

lim𝑙(ⱨ,𝑃𝑡𝑧)=0. 
𝑡→∞ 

 
 
 
 

lim𝑙(ⱪ,𝑃𝑡𝑧)=0. 
𝑡→∞ 

Using(2.32)and(2.33),theuniquenessofthelimitgivesusⱨ= ⱪ. 

Corollary2.6.Let(𝐾,𝑙)beacompletemetricspace,andlet𝑃∶𝐾→𝐾beagivenmappingsuchthatifthereexi

stsapairofgeneralizeddistance(ƒ,𝜑)suchthat 

ƒ(𝑙(𝑃ⱨ,𝑃ⱪ))≤𝛼(ⱨ,ⱪ)ƒ(𝑙(ⱨ,ⱪ))−𝛽(ⱨ,ⱪ)𝜑(𝑙(ⱨ,ⱪ)),forallⱨ,ⱪ∈𝐾, 

And𝛼,𝛽∶𝐾×𝐾→[0,∞). 

Suppose 

(i) 𝑅iis𝑁−transitivefori=1,2; 

(ii) 𝑃is𝑅i−transitivefori=1,2; 

(iii) There existsⱨ0∈𝐾suchthat ⱨ0𝑅i𝑃ⱨ0fori=1,2; 

(iv) 𝑃iscontinuous. 

Then𝑃hasafixedpoint,thatis,thereexistsⱨ∈𝐾suchthat𝑃ⱨ=ⱨ. 

ProofTaking𝑍(ⱨ,ⱪ)=𝑙(ⱨ,ⱪ)inTheorem2.3togettheproof. 

Corollary2.5.InCorollary2.6,ifwereplacethecontinuityof𝑃bythe(𝑅1, 

𝑅2)−regularityof(𝐾,𝑙),thentheconclusionofCorollary2.6holds. 
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