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1. IntroductionandPreliminaries
Fixedpointtheoryisabranchofmathematicsthatdealswiththestudyofmappingsthathavepoints
that remain unchanged under the mapping process. It provides powerful tools
andtechniques for analyzing the existence, uniqueness, and stability of fixed points in
differentsettings.Fixedpointtheoryhasfoundapplicationsindiversefields.

One of the most fundamental theorems in fixed point theory is the Banach fixed
pointtheorem [3], also known as the contraction mapping principle. This theorem has
numerousapplications in areas such as functional analysis, numerical analysis, differential
equations,game theory etc. Stefan Banach valuable work has been built by generalizing the
metricconditionsorbyimposingconditionsonthemetricspaces(see[1-18]).

In this manuscript, we expand the concept of generalized altering distance function
andintroducedageneralized (o f—[f¢)—contractivemappingsandgivefixedpointtheorems
forsuchcontractionsinmetricspaces.

Khan et al. [11] use a control function (altering distance function) they referred to as
achangingdistancefunctionallowedthemtotacklenewfixedpointproblems.

“Definition 1.1. [11] A function f: [0, c0) = [0, 00) is called an altering distance function
ifthefollowingpropertiesaresatisfied

(i) F(0)=~0ifandonlyift=0,

(i1) fiscontinuousandmonotonicallynon-decreasing.”
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Wefirstrecalltheauxiliaryfunctionsthatweshalluseeffectively.
“Definition1.2.LetKbeaset,andletRbeabinaryrelationonK. We saythatP:K—K
isanR-preservingmappingif

h,keK:hRk=PhRPKk.”
“Definition1.3.LetNEN.WesaythatRisX-transitiveonKif

ho, hy, ..., hx+1€ K: hiRhj4, for alli€ {0, 1, ..., X} =
hoRhx+1.”“Remarkl.4.LetReEN.Wehave:

(i) IfRistransitive,thenitisX-transitive,foralINEN.

(i) IfRisR-transitive,thenitiseX-transitive,foralleeN.”
“Definition1.5.Let(K,l)beametricspaceandR1,R twobinaryrelationsonK.Wesaythat (K, I) is (R,
R3)- regular if for sequence {h,} in Ksuch that h,—>h€Kas t—oo, andh;R1h¢+1, heR2hes1,

forallteN,

thereexistsasubsequence{hg(e)}suchthat

h¢eyR1h, hte)Rzh,  foralleeN.”

“Definition1.6.WesaythatasubsetDofKis(R1,Rz)—directedifforallh, k€D, thereexistsz€ K suchthat
hR1zAKR1zandhR2zAKR,z.”

“Definition1.7.LetKbeasetanda,S: K X K—[0,400)aretwomappings.DefinetwobinaryrelationsRa

ndRzon Kby

h,keK:hR:kiffa(hk)<1

and

hkeK:hRkifff(hk)=1.”

BerzigandKarapinar[4]introduced(af,8¢)—contractivemappingasgivenbelow:

“Definition 1.8. Let (K, |) be a metric space, and let P: K— Kbe a given mapping. We
saythatPis(af,fd)—contractivemappingsifthereexistsapairofgeneralizeddistance(f,¢)
suchthat

FUPh,PK))<a(hk)F(L(h k) —B(hk)d(I(hK)),forallhkEK,
wherea,:KXK—[0,+0).”

2. MainResults
Definition2.1.Considerthepairofthefunctions(f¢)andthispairofthefunctionsissaid

tobestronggeneralizedalteringdistancewhere f,¢:[0,00)—[0,00)ifthefollowing conditionshold:
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(€1)5(0)=0,
(C2)fiscontinuous,
(C3)fisnon-decreasing,

(C4)Limep(x)=0=limx,=0.
t—oo

t—oo

Popescuin[ 16]andMoradiandFarajzadeh[ 15 ]introducedcondition(C4).

Definition 2.2. Let (K, [) be a metric space, and let P: K — Kbe a given mapping. We
saythatPisgeneralized(af, [ ¢)—contractivemappingsifthereexistsapairofgeneralized
distance(f,¢)suchthat

FUPhPR))<a(hk)F(Z(hk)-B(hk)e(Z(hk), for all hkeK,
2.1

whereZ (h,k)=max{l(h,k),[(h,Ph),l(k, Pk)’l(h'P h)+

l(k.Pk);
2

anda,B:KXK—[0,00).
Theorem2.3.Let(K, [)beacompletemetricspace,No € NU{0},andletP : K —
Kbegeneralized(af,f¢)—contractivemappingsatisfyingthefollowingconditions:
(1) R,isN—transitivefori=1,2;
(i) PisRi—transitivefori=1,2;
(iii) There existshoEKsuchthat hoRiPhofori=1,2;
(iv) Piscontinuous.
ThenPhasafixedpoint,thatis,thereexistsh€ KsuchthatPh=h.
ProofLethoeKsuchthathgRiPhofori=1,2.Letsequence{h;}bedefinedbyrecursiverelationh;+1=Ph,f
orallt=0.
Ifh;=h;,, forsomet=0, thenh=h,isafixedpointofP.
Assumethath;#h; 1, forallt=0.
Form(ii)and(iii),weobtain
hoR1Pho=a(ho, Pho)=a(ho, h1)<1=a(Ph,, Phy)=a(hyhz)<1.
Similarly,wehave
hoR,Pho=B(ho,Pho)=p(ho, h1)=1=F(Pho, Phy)=p(hyhz)=>1.
ByPrincipalofMathematicalinductionandusingcondition(ii),wehave

a(hyhey1)<1, for all
t=0.(2.2)

and,similarly,wehave
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B (heher1) =1, for all
t=>0.(2.3)

Substitutingh=h,andk=h,+1in(2.1),weobtain

F(U(Phy,Phev1))<a(heher1) F(Z(he her1)) =L (he,her1) 9 (Z (he,he+1)),

(2.4)

Using (2.2) and (2.3) in inequality (2.4), we

obtainf (I (he+1,he+2)) SF(Z(heher1)) =@ (Z (he 1)

), (2.5)

whereZ (he,he+1)

=max{l(hh ),L(h,Ph, ),I(h Ph - LhePh)+i(h1.Pheyy)
t t+1 t t t+1 t+1)' 2 }

l l 2
=max{i(hoh  t41)l(hoh tp1) (R pop by ), el usshizdy

=max{i(hoh 1) l(Rers Byp ), (e Resnlesy
Case()IfZ (hyhe+1)=1(hsher1) From(2.5
),weget
FUherpher2)) <FUhe her1)) —@ (Uhe b)),
thisimplies,
FUhervhe+2))<F(U(hehes1)).
Sincefisnon-

decreasingfunction.Therefore,l(hs 1,

he2)<I(hy, heyr).Case (it) If Z (hy,
her1)=1(he+1, hes2) From(2.5),weget

FUhervhes2)) <F(U(hes1,hes2)) —@ (U (hers,hes2)).
Sincefisnon-decreasingfunction.
Therefore,aboveinequalityholdsonlywhenl(h;, 1,h¢+2)=0,thisimplie
S,
h;+1=h;42,whichisacontradiction.He
nceoursuppositionwaswrong.
Therefore,Z (hg et 1) #I(her1,her2).
Fromabovediscussedcases,wegetl(hgy1,hey2) <l(hsheyq).

Itshowsthatsequence{l(h;,h;1) }ismonotonicallydecreasing.
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From  above  discussed cases, we also get  Z(hgher1)=I(hshes1).
(2.6)
Using(2.6)in(2.5),weobtain

FU(her,her2))<F(U(he,her1))—@ U (he,hes1)),

(2.7)
Thus, there exists reR+ such that L!i_)n;l(ht,ht+ 1)=T.
(2.8)
Wewillprovethatr=0.
Lettingt—ooininequality(2.7),weget
tlg?of(l (he+1het2)) Slim{g’(ht.htﬂ)) —limg gi(o}.}t:htﬂ)).
Using(2.8)inaboveinequality,weget
F)=f{) ~lime(l (he,het1)),
thisimplies,
tll_)rggo (I(heher1))=0,
Byusingcondition(C3),weget
limi(hph1)=0.
(2.9)
Ontheotherhand,by(2.2)and(i), weobtain
a(hy,huten+1)<1 for all u,e=0.
(2.10)
and,similarly,wehave
B(hyhutens1)=1 for all u,e>0.
(2.11)
Now,substitutingh=h,andk=h,rin(2.1),whereu'=u+eN+1,forsomeu,e=>0,
weobtain
F(U(Phu,Phy) <a(hu,hy, ) F(Z (he b)) — B (ha,hep) 9 (Z (heshof)),
(2.12)
whereZ (hy, hyr)
= max{ (huh )l Pha) (s Phys), l(h“’Ph”)+zl(h”F’Ph”F)
( I(hwhut 1) +(hFh P
=max{lhy,hyF),l(hy, hur1),l(hyr, hyrig), > iz
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Using inequalities (2.10), (2.11) in (2.12), we
getF ( (Phu,Phy)) < F(Z (hu,her)) — 9 (Z (heho)),
(2.13)

whereZ (hy,hyr)=

I(hohut D) +I(h Fh L)
max{l(huly Al By W ush g Iy

Nowwehavethreedifferentsubcases.Subcas
e(DIfZ (hyhyr) =1 (houhy).
Theninequality(2.13)becomes

FU(hwr1,her 1)) SFU (b)) =@ (L b))
Similarly,fromcase(i),wegetl (hu+1,hyr 1 1) <l(hy,hyF).
Itshowsthatsequence{l(h,, h,) }ismonotonicallydecreasing.

Nowrepeatingthesamestepsasafterequation(2.8),weobtain
lim!(hg,h,7)=0.
u—>0
Subcase(ii)IfZ (hy, h,F)=I[(hy, hyy1).
Theninequality(2.13)becomes
_f(l(hu+1:huF+l)) S_f(l(hu:hu+1)) _(p(l(hu'hu+1))'

Lettingu—ooandusing(2.9),weget
u_l)iglf(l (ha+1,h011))=0,
thisimplies,
il_f)nof (hu+1hyF11)=0.
Subcase(iii)I£Z (hyhy ) =L(hyrhyr 4 1):
Theninequality(2.13)becomes
FU(hurr,her 1)) SFU(hes s 41)) =@ (L(hyshyf 1))

Similarly,fromsubcase(ii),weget
liml(fys hyr41)=0.
u—>0o
Fromallabovediscussedsubcases,weconcludethat

limi(hy,hyr)=0.

uU—00
(2.14)
Next,wewillprovethat{h,}isCauchysequence.Suppose,tothecontrary,that{h;}isnotaCauchyseq

uence.
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Thenthereis€>0 andsequences{u(e)} and{t(e)}suchthat,forallpositiveintegerse,wehave
t(e)>u(e)>e, [(huge)hee) =€ and L(hue),hee-1) <€
(2.15)
Thenwehave
€<l(hye)he)<S (hue)hee)-1) H(hee)—1hee) <E+(hee)—1hee)
Lettinge—ooandusing(2.9),weget
gl_)rglo L(huce)hee)) =€. (2.16)
Furthermore,foreache>0,thereexistspe,5.>0suchthatu’(e)=u(e)+Npyer1+1=
t(e)+5e.

uf(e)-1 uf(e)-1
€< I(huce),hure)) < L(huce),hee)-1) + > l(hyhiz) <€+ > Il(hyhi)
i=t(e)—1 i=t(e)—1

Again,lettinge—>ocoandusing(2.9),weget
lim{(huce hur(e) =€.
2.17)
Again
L (hyye)ho ) <Ly eyhage)—1) H(hue) - 1hr ) - 1) H (o) - 1D ()
L(hye)— 100 (e)— 1) ST(hue) - 1huce)) T (hageyhor ) T 1(hur o) hufe)-1)

Lettinge—ooinaboveinequalities,using(2.9),(2.14)and(2.17),weget
el_l)g} I(hu(e)-1huf(e)-1)=E.

(2.18)

Substitutingh= hu(e)_1andk=huF(e)_1in(2. 1),wehave

FUAPhye)-1.Phyfe)-1)) =a(hye)-1hyf e)- 1) F(Z (hue)-1hofe)-1)) —

B (hue)-1huf(e)-1) @ (Z (hue)-1.huf(e)-1))
Using(2.10)and(2.11)inaboveinequality,weget

fl(huEe) hur ))<= FIZ (hue)-1huf(e)-1)) = (Z (hue)-1,huFe)-1))
(2.19)

whereZ (hu(e)—bhuF (e)—l)
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l(hu(e)—1:huF(e)—1)rl(hu(e)—1:Phu(e)—1)vl(huF(e)—l:PhuF(e)—l)r

=max{ l(hye)-1,Phuce)—1) +l(hyre)—1,PhyFe)—1) }
2
l(hu(e)—1JhuF(e)—1)'l(hu(e)—1lhu(e))'l(huF(e)—llhuF(e))r
=max{ [(hu(e)—1huge) HF (o) 1y F (o)) }
2

Subsubcase()IZ (huee)-1,huf () - 1) = (huce)-1,hur () - 1)-
Theninequality(2.19)becomes
Fl(hugeyhur ))<= FU(hue)-1huf(e)-1)) —@ (L(huce)—1.huf e)-1)),
Lettinge—ooinaboveinequality,using(2.17),(2.18)andthecontinuityoffandg,weget
Je)=<s5(e) —lir_r}o(g (I (hucer-1,hefe)-1))-

Usingthecondition(C3),weconcludethate=0.
Subsubcase(ii) F(huce-1hu(e)-1) = (huce-1 huce).-
Theninequality(2.19)becomes

F(huce),hur))) <F(L(huce)-1,huce))) =@ (L(hue)-1,hue)),
Lettinge— coinaboveinequality,using(2.9)andthecontinuityoffandg,weget

F(©)=F(0)—¢(0)=0,
thisimplies,
£(e)=0=€=0.
Subsubcase(ii)I{Z (huce)-1huf(e)—1) =L(huF (&) -1 huf (e)-
Theninequality(2.19)becomes
fl(hueyhar ))<= FU(hur e)—1.huf())) =@ (L (hur () - 11 ()
Lettinge—o0 inaboveinequality,using(2.9)andthecontinuityoffand¢,weget
F(E)=<F(0)~¢(0)=0,
thisimplies,
F(e)=0=€=0.

Fromallabovediscussedthreesubsubcases,wefinde=0,which isacontractionwith €>0.

Henceoursuppositionwaswrong.Hence,therefore{h,}isaCauchysequence.

Since(K,l)isacompletemetricspace,thenthereish€Ksuchthatlimh,=h.

t—oo

SincePiscontinuous,thenwehave
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h=llmht+1=llmPht=Ph

t—oo t—oo

Duetouniquenessofthelimit,wederivethatPh=h,thatis,hisafixedpointP.
Theorem2.4InTheorem2.3,if  wereplace the continuityof ~ Pbythe (Ry, R?)
—regularityof(K,!l),thentheconclusionofTheorem?2.3holds.

Proof Following the proof of Theorem 2.3, we know that the sequence {h;} defined
byh:+1 = Phifor all t= O,converges to some h € K.Since (K, l)is a complete metric
space,thenthereexistsh€ K suchthath,—~hast—co.
Furthermore,thesequence{h¢}satisfies(2.2)and(2.3),thatis,

h¢R1h¢t1, h:Rzh¢+1,  forallt€N.

Now, since is (Ri, Rz) —regular, then there exists a subsequence {hye)} of {h:} such
thathee)R1h, that is, a(hee), h) < 1 and hgeRz2h, that is, S(hee, h) =1, for all
e.(2.20)

Substitutingh=h(e)andk=h,in(2.1),weobtain

FU(Phecey,Ph))=a(hece) h) F(Z (heer,h)) =B (heer,h) 9 (Z (hecey,h) ) foralle.

Using(2.20)inaboveinequality, weobtain

FCUCPhe(er, PR)SFZ (heteh)) =0 (Z (hucer b)), for all e,
(2.21)
whereZ(h, ooy h)=max{i(h  o(e) h),I(h, ece) ey 1 (P, R HALR

Case()IfZ (hee),h) =1(hece)h).
Theninequality(2.21)becomes
f(hee+1, Ph))<f(I(hee,h)) =@ (heeh)) foralle.
thisimplies,

F(L(hee)+1,Ph)) <f(L(hece)h)), forall e.

Sincefisnon-decreasing function.Therefore,

[(heey+1,Ph) < U(heey,h).foralle.
Lettinge—ooinaboveinequality,weobtain
[(h,Ph)=0=h=Ph,
Case(i)IfZ (hece),h) =I(hece),hee)+1)-
Theninequality(2.21)becomes

Fl(heer+1,Ph)) <f({(heey,heer+1)) —@ (L(hece),heer +1)) foralle.

9
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Lettinge—ooinaboveinequality,weobtain
[(h,Ph)=0=h=Ph.

Case (iii) IfZ (hee),h)=1(h,Ph).

Theninequality(2.21)becomes

FU(hee)+1,Ph)<F(U(h,Ph))—¢(I(hPh)),foralle.
Lettinge— ooinaboveinequality,andthecontinuityoffandg,weget
F((h,Ph))<F(I(h,Ph))—¢(l(h,Ph)).foralle.

Jim ¢ (i(h,Ph))=0.
Byusingcondition(C3),weget

[(h,Ph)=0=h=Ph.

Fromallabovediscussedthreecases,wegetPh = h.
Theorem2.5.AddingtothehypothesesofTheorem2.3(respectively, Theorem?2.4)thatKis
(R1,R2)—directed,weobtainuniquenessofthefixedpointofP.
ProofSupposethathandkaretwofixedpointsofP.SinceKis(R1,R2)—directed,thereexistsz€ K suchthat
a(h,z2)<1,a(kz)<1.2.2
2)
and
B(h,z)=1,6(k,z)=1.(2.2
3)
SincePisRi—preservingfori=1,2,from(2.22)and(2.23),weget
a(h,Ptz)<1,a(k,Ptz)<1, for all t=0.
(2.24)
and
p(h,Ptz)>1,6(k,Ptz)>1, for all t=0.
(2.25)
Substitutingh=h,k=Ptzin(2.1),wehave

FUPhP(Pz)))<a(hPez)§(Z(h,Ptz))—B (hPtz)p(Z(hPt2)).
(2.26)
Using(2.24),(2.25)and(2.1),weobtain

FUMh,Per12)<F(Z(hPtz))—@(Z(h,Pt2)), (2.27)

10
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t t+1

whereZ (h,Ptz) =max{l(h,P'z),l(h,Ph),( Ptz,Pt+1z), OV HELPT D )
2
t t+1
=max {l(h,Ptz),l(Ptz,Ple),l(P LZ)}_
2

Case(i)IfZ (h,Ptz)=I(h,Ptz).
Theninequality(2.27)becomes
F(U(h,Pt+12)<F(l(h,Ptz))—@(l(h,Ptz)), for all t=0.

(2.28)

Sincefisnon-decreasingfunction.

l(h,Pt+1z)<I(h,Ptz),forallt=0.

Itfollowsthatthesequence{l(h,Pt+1z) }isdecreasing. Thusthereexistsr=0suchthat
liml(h,Pt+1z)=r.

t—co
Weclaimthatr=0.
Lettingt—o0in(2.28),weget
FO)=Fr)-limp(l(hPt2)),
thisimplies,
girg¢(l(h,PfZ))=0-
(2.29)

Bycondition(C3),weobtain
liml(h, Ptz)=0.
t—oo

(2.30)
Similarly,weget
liml(k,Ptz)=0.

t—oo

Using(2.29)and(2.30),theuniquenessofthelimitgivesush= k.
Case(i)IfZ (h,Ptz)=I(Ptz,Ptt1z)
Theninequality(2.27)becomes
FUh,Ptr1i2))<F(I(Ptz,Pt+1z))—@(l(Ptz,Pt+1z)), for all t=0
(2.31)
Lettingt—o0in(2.31),weget
Jim £ (I(h,Ptz))=0,

thisimplies,

11
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lim(h,Ptz)=0.

t—oo

(2.32)
Similarly,weget

limi(k, Ptz)=0.

t—oo

(2.33)
Using(2.32)and(2.33),theuniquenessofthelimitgivesush= k.
Corollary2.6.Let(K,l)beacompletemetricspace,andletP: K — Kbeagivenmappingsuchthatifthereexi

stsapairofgeneralizeddistance(f,¢)suchthat

FUPhPR)) <a(hK)FI(hk) =LK @ (l(hk)),forallh keK,
Anda,B:KXK—[0,0).
Suppose

(1) RiisN—transitivefori=1,2;

(i) PisR;—transitivefori=1,2;

(iii) There existshoEKsuchthat hoR;Phofori=1,2;

(iv) Piscontinuous.
ThenPhasafixedpoint,thatis,thereexistsh€ KsuchthatPh=h.
ProofTakingZ (h,k)=I(h,k)inTheorem?2.3togettheproof.
Corollary2.5.InCorollary2.6,ifwereplacethecontinuityofPbythe(R1,
R;)—regularityof(K,l),thentheconclusionofCorollary2.6holds.
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